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This r e p o r t  i s  a techn ica l  summary of the  progress made by the  
E l e c t r i c a l  Engineering Department, Auburn Un ive rs i t y ,  Auburn, Alabama 
i n  the  performance o f  t h i s  cont rac t .  
SUMMARY 
A general s imu la t ion  program (GsP) i n v o l v i n g  non l inear  s t a t e  
es t imat ion  f o r  space veh ic le  f l  i g h t  nav iga t io?  systems i s  developed 
and used as a basis  f o r  eva lua t ing  the performance o f  a  Space Tug 
nav iga t ion  system. A complete explanat ion o f  the  i t e r a t i v e  guidance 
mode ( I G M )  guidance 1  aw, d e r i v a t i o n  o f  the dynamics, coord inate frames, 
and s t a t e  est imat ion rout- ines are  g iven so as t o  f u l l y  c l a r i f y  the assump- 
t i o n s  and approximations invo lved so t h a t  s imu la t ion  r e s u l t s  can be 
placed i n  t h e i r  proper perspect ive. 
So as t o  make the  s imu la t ion  program as usefu l  as possib le,  a  
complete s e t  of computer acronyms and t h e i r  d e f i n i t i o n s  as w e l l  as 
explanat ions of the subrout ines used i n  the  GSP s imu la tor  a re  included. 
To f a c i l  i t a t e  input /output ,  a  complete s e t  of compatable numbers, w i t h  
u n i t s ,  a re  included t o  a i d  i n  data developme!~t. Format spec i f i ca t ions ,  
output  data phrase meanings and purposes, and computer card data i n p u t  
a re  c l e a r l y  spel led out,. 
A l a r g e  number o f  s imtr lat ion and a n a l y t i c a l  s tud ies  are  used t o  
determine t h e  v a l i d i t y  o f  the s imulator  i t s e l f  as w e l l  as var ious data 
runs. Inc luded i n  the s tud ies  are (1 )  covariance i n i t i a l i z a t i o n .  ( 2 )  
i n i t i a l  o f f s e t  vector  parameter study, ( 3 )  propagation t ime vs. accuracy, 
( 4 )  measurement noise parametr ic study, ( 5 )  deternrini s t i c  vs. f i l t e r e d  
run terminal  e r ro r ,  (6) reduc t ion  i n  computational burden o f  an on-board 
implementable scheme, and many others. 
i i i 
From Lie results of these studies., contl usions and recomnendations 
concerning future areas of important practical and theoretical purpose 
are presented. These use a5 a basis an extension of the general GSP 
simul ator developed to date. 
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A. -- D e f i n i t i o n  o f  Space Tug and Statement o f  Pro jec t  Task 
The basic Space Tug veh ic le  w i l l  be used t o  extend the  c a p a b i l i t i e s  
o f  the Space Shu t t l e  o r b i t  vehic le.  The missions o f  t he  Shu t t l e  w i l l  be 
l i m i t e d  t o  low ear th  o r b i t ,  severely l i m i t i n g  mission f l e x i b i l i t y .  The 
Space Tug concept was devised t o  extend the  miss ion c a p a b i l i t y  t o  geo- 
synchronous o r b i t ,  def ined as a 19,323 naut ica l  m i l e  - O0 c i r c u l a r  o r b i t .  
For maximum f l e x i b i l i t y  the  Space Tug w i l l  f l y  i n  the  cargo bay o f  the  
Space Shu t t l e  as payload i n t o  low ea r th  o r b i t .  Departure of t he  Tug 
from t h e  Shu t t l e  w i l l  then take place i n  an approximate 160 n. m i .  x 
160 n. m i .  low ea r th  o r b i t .  This Space Tug w i t h  i t s  own payload w i l l  
then f l y  i t s  desi red miss ion and r e t u r n  t o  t h e  Shu t t l e  f o r  t ranspor ta t i on  
back t o  earth. 
The primary mission o f  t he  Space Tug i s  t o  d e l i v e r  and r e t r i e v e  
automated payloads from low ear th  o r b i t  t o  geo-synchronous o r b i t  and 
re turn .  Other rr.ission assignments f o r  the  Space Tug a re  as fo l lows:  
1. Astrononiy - Depart from a 160 n.ini. 28.5" o r b i t  and t rans fe r  t o  
a 39,000 n.mi. 28.5O c i r c u l a r  o r b i t .  
2. Atmaspheric Physics - Depart from a 160 n.mi. 28.5' o r b i t  and 
t r a n s f e r  t o  an escape t r a j e c t o r y .  
3 .  Earth Observation - Depart from a 100 n.mi. 90° o r b i t  and t r a n s f e r  
t o  a  900 n.mi. 90' c i r c u l a r  o r b i t .  
4. Planetary - Depart from 160 n.mi. 28.5' o r b i t  and t rans fer  t o  




5. Communication .and Navigat ion - Depart f rom 160 n.mi. 28.5O 
o r b i t  and t r a n s f e r  t o  19,323 n.mi. O0 c i r c u l a r  o r b i t  (geo- 
synchronous o r b i t ) .  Depart from 205 n.mi. 103O o r b i t  (sun 
synchronous o r b i t  ) [33. 
The design conf igura t ion  o f  t h e  Space Tug assumed f o r  t h i s  p r o j e c t  
i s  t h a t  t he  veh ic le  be unmanned, ground based c o n t r o l ,  reusable and 
launched w i t h  payload on a s ing le  s h u t t l e  f l i g h t .  It i s  desi red t h a t  
the Space Tug be a low cos t  veh ic le .  Under t h i s  assumption, e x i s t i n g  
hardware should be incorporated i n t o  design and a minimal amount o f  ground 
support t r a c k i c g  should be employed, necess i ta t ing  a l a r g e  burden on an 
on-board i n e r t i a l  navigation-guidance system. 
As s ta ted  prev iously ,  the  pr imary miss ion o f  t h e  Space Tug, and the  
one used as a k s e  mission fo r  t h i s  p ro jec t ,  i s  t he  f l i g h t  o f  the  veh ic le  
from lm e s ~ t t c  o r b i t  t o  geo-synchronous o r b i t .  The exact d e f i n i t i o n  
o f  t h i s  miss ion i s :  Depart from 160 n.mi. 28.5O o r b i t  and t r a n s f e r  t o  a 
19,323 n.mi. O0 c i r c u l a r  o r b i t  [ 3 ] .  This miss ion f l i g h t  i s  depicted i n  
F igure 1-1. The guidance scheme f o r  t h i s  o r b i t  t r a n s f e r  had prev ious ly  
been adopted by NASA t o  be a modi f ied I t e r a t i v e  Guidance Mode Law (IGM) 
which i s  opt imal i n  the sense o f  minimum f u e l  [ I ] .  To achieve the o r b i t  
t r a n s f e r  w i t h  minimum f u e l ,  the guidance law w i l l  employ a th ree  burn-three 
coast maneuver, instead o f  a long du ra t i on  burn. I G M  i s  o f  the modified 
form i n  the  sense t h a t  f o r  t he  Space Tug the  terminal  o r b i t  end cond i t ions  
can e i t h e r  be f i x e d  o r  f l o a t i n g .  Another s p e c i f i c a t i o n  o f  the  Space Tug 
f l i g h t  p r o f i l e  i s  t h a t  t he  c a p a b i l i t y  o f  making t r a j e c t o r y  changes dur ing  
f l i g h t  i s  requi red.  To meet t h i s  design spec i f i ca t i 0 .n  the guidance and 
nav iga t ion  scheme needs t o  have an accurate f i x  on i t s  p o s i t i o n  and 
v e l o c i t y  i n  an i n e r t i a l  coord inate frame a t  a l l  t imes. A nav iga t ion  system 

w i t h  guidance parameters suppl ied by 3GM could n o t  accomplish t h i s  task, 
s ince  I G M  does no t  produce the  p o s i t i o n  and v e l o c i t y  vec tors  o f  t he  Space 
Tug, us ing them instead as inputs .  This  r e p o r t  describes a  s imulator  
and nav iga t ion  system f o r  es t imat ion  o f  t h e  p o s i t i o n  and v e l o c i t y  s t a t e  
vec tor  i n  an i n e r t i a l  coord inate frame us ing  an extended Kalman f i l t e r  
type approach. The o v e r a l l  problem o f  mid-course guidance and c o r r e c t i o n  
i s  involved and f o r  t h e  present purpose i t  i s  assumed IGM funct ions 
p rope r l y  [ Z ]  . 
B. Approach t o  Problem S o l u t i o n  
The th ree  p o s i t i o n  and th ree  v e l o c i t y  coordinates i n  an i n e r t i a l  
reference frame make up the 6 x  1  s t a t e  vector  o f  i n t e r e s t  i n  t h i s  
problem. Because o f  t he  nonl i nea r  nature o f  t he  veh ic le  dynamics, which 
i i i c lude the  effects o f  g r a v i t y  and aerodynamic drag, the l i n e a r  Kalman 
f i 1 t e r  i s  n o t  appl i c a b l  e. Therefore, t he  extended Kalman f i l t e r  technique, 
which requ i res  l i n e a r i z a t i o n  o f  the  veh ic le  dynamics about the  nominal 
s t a t e  estimate, was used. The s t a t e  est imator  scheme uses the  l i n e a r i z e d  
model i n  t he  Kalman F i l t e r  t o  f i n d  the  bes t  o r  opt imal est imate of the  
s t a t e  vec tor  a t  some time, t. The Space Tug's terminal  p o s i t i o n  vector,  
RT, terminal  v e l o c i t y  vector, V T ,  and te rmina l  range angle, eT, a re  
used as i npu ts  t o  t h e  system. 
The s t a t e  es t imat ion  process uses measurement data suppl ied from 
var ious measurement conf igurat ions t o  form a  measurement s t a t e  vector .  
The s t a t e  est imator  then forms a  measurement res idua l  vector ,  which i s  
t h e  d i f f e r e n c e  o f  t h e  actual  measurement and an est imated measurement, t o  
be used i n  the  nonl inear  s t a t e  est imator  t o  update the  s t a t e  vector .  
The d i f f e r e n t  measurernent,c,onfigurations used. f o r  t he  es t imat ion  procedure 
should be kept  a t  a minimum t o  reduce o v e r a l l  cost,  storage, and compu- 
t a t i o n  t ime i n  the  on-board computer. However, t h e  measurement systems 
must be capable o f  supplying enough measurement data t o  t h e  s t a t e  est imator  
so t h 3 t  t he  s t a t e  estimates meet the  e r r o r  requirements placed on t h e  
p o s i t i o n  and v e l o c i t y  vectors. Due t o  t h e  nature o f  t he  Space Tug's 
f l i g h t ,  d i f f e r e n t  measurement conf igura t ions  du r ing  the  burn and coast 
phase are  considered. 
Three a x i s  accelerometer measurements are  made du r inc  the  burn phase 
o f  f l i g h t .  The model o f  t h i s  measurement used i n  the s t a t e  est imator  
program i s  g iven i n  (1-1). 
. . 
I n  (1-1) & i s  the  sensed acce lera t ion  vector,  5 i s  t he  ac tua l  accel -  
e r a t i o n  vec tor  o f  t he  veh ic le  and v i s  t he  a d d i t i v e  noise vector  used 
- 
t o  model measurement e r r o r  due t o  the accelerometer equipment. A 
problem a r i ses  as t o  how the  acce lera t ion  measurement can be used i n  the 
Kalman f i l t e r .  To use a Kalman f i l t e r i n g  approach t o  s t a t e  es t imat ion  
i t  i s  necessary t h a t  t he  measurements taken be a l i n e a r  combination of 
t h e  states.  Since acce lera t ion  i s  no t  p a r t  o f  t he  s t a t e  vector  t h i s  
requirement could no t  be f u l f i l l e d  i n  a s t ra igh t fo rward  manner. It was 
decided t h a t  the acce lera t ion  measurements could be used t o  cons t ruc t  a 
measurement vector  t h a t  i s  a l i n e a r  combination o f  the  s ta tes .  The form 
o f  the  constructed p o s i t i o n  and v e l o c i t y  measurements a re  g iven i n  
(1-2) and (1-3).  
I n  (1-2) and (1-3) and X denote the  previous p o s i t i o n  and v e l o c i t y  
estimates o f  the  s t a t e  X .  More d e t a i l  as t o  how the  constructed measure- 
ment vector  was appl ied and modified w i l l  be given i n  a l a t e r  chapter o f  
t h i s  report .  
Since no measurement data can be der ived from the accelerometers 
du r ing  the  Space Tug's coast phase o f  f l i g h t ,  a separate measurement 
system i s  needed. From an i n v e s t i g a t i o n  o f  many types of measurement 
devices i t  was decided t o  use a hor izon sensor and sun seeker dur ing t h e  
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U n l i k e  t h e  measurements dur ing  the  burn, t he  measurements dur ing  the  
coast can be r e l a t e d  d i r e c t l y  t o  t he  p o s i t i o n  s ta tes  o f  t he  s t a t e  vector .  
Since no in fo rmat ion  concerning t h e  v e l o c i t y  s ta tes  i s  g iven by these 
measurements, t h e  dynamics o f  the system must be used t o  reconst ruc t  
v e l o c i t y  s ta tes  dur ing  t h e  coast. From (1-4) i t  can be seen t h a t  the  
coast measurements are nonl inear ,  t he re fo re  a 1 i n e a r i z a t i o n  o f  the  
measurements must be made. The 1 i n e a r i z a t i o n  procedure along w i t h  
a n a l y t i c  expressions r e l a t i n g  the measurement angles t o  the  s ta tes  w i l l  
be g iven i n  a l a t e r  chapter. 
C. General Simulator Package 
I n  order  t o  demonstrate the c a p a b i l i t y  o f  t he  es t imat ion  a lgor i thm, 
an e n t i r e  s imu la t ion  package of t h e  Space Tug guidance and nav iga t ion  
system was developed. By having t h e  e n t i r e  s imu la t ion  package ava i lab le ,  
the s t a t e  est imator  can be tested and r e s u l t s  v e r i f i e d  i n  d e t a i l .  The 
generai s imulator  package i s  a FORTRAN computer program, constructed i n  
subrout ine form, which simulates a l l  p rope r t i es  o f  t he  Space Tug guidance 
and nav iga t ion  which have an e f f e c t  on the opera t ion  of t he  s t a t e  est imator .  
Even though the general s imulator  package i s  based on the  IBM guidance 
law o f  t he  Space Tug, the s imulator  i s  general i n  t h e  sense t h a t  guidance 
and nav iga t ion  systems under the i n f l uence  o f  non l inear  dynamics can be 
simulated by the program w i t h  on ly  s l i g h t  mod i f i ca t i ons .  The program 
i s  constructed so t h a t  the  i n i t i a l  s t a t e  vector  and t h e  terminal  o r b i t  
cond i t ions  a re  suppl ied as inputs. These parameters can be changed by 
changing on ly  a few data cards i n  the  program. A d e t a i l e d  explanat ion o f  
the  general s imulator  package w i l l  be g iven i n  a l a t e r  chapter. 
D. ~ e p o r t  Ou t l i ne  
Th is  r e p o r t  i s  d iv ided i n t o  f i v e  body chapters w i t h  f o u r  add i t i ona l  
supplementary appendices. Chapter I 1  d e t a i l s  the  development, purpose, 
and operat ion o f  the  s imulator  package. Included i s  a  general d iscussion 
o f  the  I G M  guidance law inc lud ing  i t s  input /output  cha rac te r i s t i cs .  
Chapter 111 introduces the  ove ra l l  nonl inear dynamical problem invest iga ted 
i n  the Space Tug study and the development o f  a  general nav igat ion  s ta te-  
es t imat ion  package using the  dynamics. Chapter i V  introduces and discusses 
the  measurement systems f o r  both the  burn and the  coast, t h e  r e l a t i o n s h i p  
between the  measurements and the  s t a t e  vector, and the  1  i n e a r i z a t i o n  
approach used t o  implement t h e  measurement process i n  the  s t a t e  est imator.  
Chapter V d isp lays  r e s u l t s  o f  s imula t ion  studies, along w i t h  discussions 
and analyses o f  the resu l t s .  Chapter V I  covers the  f i nd ings  and con- 
c l  us ions from the work performed, and i n  addi t i o n  makes recommendat ions  
f o r  f u t u r e  work. 
The appendices cover supplementary but  important mater ia l  pe r t i nen t  
t o  a  f u l l  understanding o f  t he  GSP system--Space Tug f !  i g h t  work. 
Appendix A shows the  subs t i t u t i ons  and p a r t i a l  d e r i v a t i v e  operat ions 
required i n  order t o  develop the  general p a r t i a l  d e r i v a t i v e  statements 
t o  be used i n  @ ( k  + 1, k )  and H(k + 1 ) .  Appendix B covers i npu t lou tpu t  
data handl ing and an explanat ion o f  t he  GSP output .  Appendix C 
tabulates ove ra l l  Tug burn-coast t rack ing  accuracies, i n i t i a l  i z a t i c n  
er rors ,  e t c .  Appendix D includes a  l i s t  of symbols and t h e i r  d e f i n i t i o n s  
which appear i n  the  GSP computer p r i n t o u t  l i s t i n g .  
11. SIMULATOR DESCRIPTION 
I n  order t o  a l low f o r  f l e x i b l e  studies w i t h  a  minimum o f  prograining 
burden, a  general , nonl inear  s t a t e  es t imat ion  type s imulator  was developed. 
Referred t o  as GSP (General S_imulation Program), i n  i t s  present form the  
-. 
s imulator  i s  a  complete desc r ip t i on  o f  the  g r a v i t y  and drag forces 
impinging on a  space vehic le,  as we l l  as the  guidance. navigat ion, 
measurement. and s t a t e  es t imat icn  operat ions which a re  involved i n  space 
veh ic le  f l i g h t .  As i t  i s  present ly  implemented there  are th ree 
d i s t i  net nodes o f  operat ion ava i lab le ,  (1 ) de te rm in i s t i c ,  ( 2 )  passenger 
mode, ( 3 )  f u l l  f i 1 t e r  mode. These th ree modes encompass the  major 
condi t ions of i n t e r e s t  i n  most nav igat ion  system studies.  For greater  
accuracy, the  program i s  w r i t t e n  e n t i r e l y  i n  double prec is ion .  
The de te rm in i s t i c  mode means t h a t  the  s imulator  and a l l  operat ions 
w i th  i t  ( i  .e. navigat ion, guidance, t rack ing ,  e tc . )  a re  suppl ied w i t h  
exact p o s i t i o n  and v e l o c i t y  data. No noise and/or p o s i t i o n  and v e l o c i t y  
o f fse ts  occur. This cond i t i on  represents the  " idea l  case," t he  best  
t ha t  i s  possib le.  The second mode, a  "passenger" mode. i s  one in. which 
de te rm in i s t i c  data i s  used t o  run  the  s imula t ion  as i n  the f i r s t  mode, 
but, i n  add i t ion ,  a  complete s t a t e  est imator  i s  operated and a  'one step 
propagation' s t a t e  est imate c a r r i e d  along as a "passenger" f o r  inspect ion  
of the  accuracy o f  the es t imat ion  process. The t h i r d ,  o r  " fu i  1  f i l t e r "  mode, 
uses noisy s igna ls  and i n i t i a l l y  biased p o s i t i o n  and v e l o c i t y  coordinate 
data t o  simulate a  rea l -wor ld  nav igat ion  problem. I n  t h i s  mode a  non- 
1  inear s t a t e  es t imat ion  process i s  used t o  provide p o s i t i o n  and v e l o c i t y  
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data t o  the  guidance law. The f u l l - f i l t e r  mode simulates the  case 
of an actual  f l i g h t .  
I n  the remainder o f  t h i s  chapter d e t a i l s  o f  t h e  ove ra l l  program, the  
flow of data, input /ou tput  data d e f i n i t i o n .  u n i t s  o f  data, and ex terna l  
user operat ion o f  such a  s imulator  package are covered. Ava i lab le  upon 
request from the  Department o f  E l e c t r i c a l  Engineering, Auburn Un ive rs i t y  
i s  a  complete l i s t i n g  o f  t he  GSP package. A punched deck u t i l i z i n g  an 
IBM compatable 029 punch i s  a lso  ava i l ab le  on request. I n  Appendix I 1  
i s  a  complete tabu la t i on  of input/output.  i nc lud ing  an example l i s t i n g ,  
d e t a i l s  as t o  data en t ry  by cards. e tc .  
A. General Simulator ---- Operation 
A basic f lowchar t  o f  the GSP s imulator  i s  g iven i n  F igure 11-1. 
Shown are the  major operat ions the  program i s  designed t o  automat ica l ly  
The general f low o f  data i s  shown by the  arrows i n  Figure 11-1. 
F i r s t ,  an i n i t i a l  s t a t e  est imate - X(O/O) i s  i n p u t  t o  the  program. Th is  
i s  the  in format ion  which i s  ava i l ab le  t o  the  on-board navigat ion system. 
For the de te rm in i s t i c  and passenger mode runs t h i s  est imate i s  the 
actual  i n i t i a l  p o s i t i o n  and v e l o c i t y  coordinates o f  the vehic le.  But, 
f o r  the f u l l  f i  1  t e r  mode, i ( 0 / 0 )  - represents an e r r o r  value of i n i t i a l  
s tate,  i . e .  
X(O/O) = X(0) + E(0) 
- 
where X(0) i s  the actual  i n i t i a l  veh ic le  coordinates and ~ ( 0 )  i s  the  
i n i t i a l  misal ignn~ent e r r o r .  This e r r o r  i n  p r a c t i c e  i s  due t o  t rack ing  
1 3  
i ( k / k )  






F i g u r e  11-1. NAVIGATION SIMULATION FLOW CHART. 
PROPOGATE 
i ( k + l l k )  
- 





PARTIAL DERIVATIVE CALCULATIONS 
( k t  I )  VEHICLE DYRAMICS 












E l  
SUN 
e SEEKER,e 0 ACCELEPOMETERS MEASUREMENTS 
@ 
&:-: 2-, 
\ - .  
Z ( k + l )  
(VEHICLE ) HORIZON 
SENSOR \j$@ 
STATE ESTIMATION FILTER 
x ( k + i / k + i )  = - X ( k + i / k )  t ~ ( k + i  ) ~ i ~ k + i / k ) + - -  
i 
i ( k + l / k + l !  
- 
CORRECTION 




modeling inaccuracies o f  the ground-based t rack ing  network, Bounds on 
the allowed s i z e  o f  the  elements o f  - E are  g iven i n  Appendix 111. 
This i n i t i a l  s ta te  i s  then inpu t  t o  the  ta rge t ing  program ca lcu la t i ons  
along w i t h  the  rendezvous o r b i t a l  parameters t o  determine whether a coast 
o r  burn phase should occur f i r s t .  The ta rge t ing  program i s  n o t  a c t u a l l y  
included i n  GSP. Instead, on l y  the various i n i t i a l  - f i n a l  t r a  j e c t a r y  
parameters f o r  a mu1 t i - b u r n  mission t o  g e t  t o  geosynchronous o r b i t  a re  
avai l a b l e  t o  GSP, the data having been assumed t o  have come from the  
ta rge t ing  program. 
I n  any event, e i t h e r  a burn o r  coast w i l l  occur f i r s t .  I f  a coast  
i s  c a l l e d  f o r ,  g rav i t y ,  drag in format ion  i s  used t o  develop. on-board 
and i n  rea l  -t ime, an equivalent  se t  o f  s t a t e  t r a n s i t i o n  and observat ion 
matr ices. The s ta te  t r a n s i t i o n  ma t r i x  @(k+l  , k )  i s  a piece-wise constant 
6x6 mat r ix  which i s  needed t o  propagate the  s t a t e  vector  forward i n  t ime, 
fo r  use i n  ob ta in ing  a cleaned-up. estimated value o f  the  s t a t e  a t  a 
number of seconds l a t e r  a f t e r  using observat ion informat ion.  During 
the coast the  measurements assumed ava i l ab le  were ( 1 )  a s t a r  t racker ,  
(2) a sun seeker, (3 )  a horizon sensor. The s t a r  t racker  i s  used t o  
he lp  a l i g n  the  veh ic le  reference p la t fo rm by prov id ing  angular data, The 
sun seeker provides t rack ing  information i n  the  form o f  e leva t ion  and 
azimuthal angles. The horizon sensor phys i ca l l y  measures the  ha1 f angle 
(p between the  e a r t h ' s  horizon and the  cen te r l i ne  fram the space vehiclie 
through the center  of the  earth. This p a r t i c u l a r  angle in format ion  
a c t u a l l y  determines the  veh ic le ' s  a1 ti tude from the e a r t h '  s center .  This 
" radius vector"  plus the  two sun angles, i s  s u f f i c i e n t  t o  y i e l d  a unique 
se t  o f  p o s i t i o n  coordinates o f  the  veh ic le .  
Using knowledge o f  the  geometry af t he  var ious measurement processes, 
equivalent  measurement estimates a re  made using an equat ion of t he  form 
where the H(k+l ) m a t r i x  i s  used t o  take s t a t e  in fo rmat ion  and cons t ruc t  
measurements Z. Both the @(k+l  ,k) and H(k+l)  matr ices a re  determined by 
- 
numeri'cal eva lua t ion  o f  a n a l y t i c a l  p a r t i a l  de r i va t i ves  programmed i n t o  
the computer. The numerical eva lua t ion  i s  e f fec ted  by us ing ~ ( k + l / k )  values 
- 
t o  compute the  constants en ter ing  o(k+l  ,k) and H(k+l ) . 
Next, in format ion us ing h(k+ l /k )  and H(k+l ) , along w i t h  the measurement 
data, a re  i n p u t  t o  a nonl inear  s t a t e  es t imat ion  process, the  end r e s u l t  
being a "best  est imate" ( i n  a mean-square sense) o f  what the  s t a t e  vector  
i s  some t ime a t  a f t e r  the  l a s t  a v a i l a b l e  value. This  s e t  o f  ca l cu la t i ons  
i nvol ves covariance ma t r i x  computations and s t a t e  update. The output  of 
the f i l t e r  i s  a new s t a t e  est imate X(k+l/k+l) ,  
- 
This new est imate i s  the on l y  in fo rmat ion  the  veh ic le  has as t o  what 
i t s  p o s i t i o n  i s  and a t  what v e l o c i t i e s  i t  i s  t r a v e l i n g .  Phis in fo rmat ion  
i s  then used -- i n  p lace  o f  the o r i g i n a l  X(0/0) as a new ' i n i t i a l  condi t ion" .  
- - 
only  t h i s  t ime a t  some t ime i n s t a n t  g rea ter  than zero and the process r e -  
peats. This  closed-loop c y c l i c  operat ion i s  c l e a r l y  depicted i n  Figure 
11-1, where the  output  o f  the f i l t e r  becomes the i n p u t  t o  the guidance law 
(which i s  bypassed dur ing  the coast phase). 
A t  the appropr iate t ime, main engine i g n i t i o n  occurs and the burn 
phase begins. The i n i t i a l  s t a t e  value a t  the  beginning o f  the  coast i s  
used i n  the  guidance law (a form of IGM) t o  compute i n i t i a l  burn angle 
in format ion,  where the output  o f  the guidance law a re  two angles, x , P 
X ~ '  
p i t c h  and yaw angles respect ive ly .  These a r e  used t o  command the  
main engine gimbals t o  p roper ly  d i r e c t  t h e  t h r u s t  vector .  
S i m i l a r  t o  t he  coast phase, a s e t  of matr ices @(k+l  , k ) ,  H(k+l)  a re  
then developed, based on a ser ies  o f  a n a l y t i c a l  p a r t i a l  de r i va t i ves  
progrdmmed i n t o  the  nav iga t ion  system and evaluated a t  the  s t a t e  value. 
m(k+l,k) i s  evaluated a t  - i ( k / k )  and H(k+l )  a t  X(k+l /k) .  The m(kt1.k) 
- 
mat r i x  i s  mad? up o f  terms from g r a v i t y ,  drag. and the guidance law. 
I t  i s  the  complexity o f  the guidance law which g r e a t l y  adds t o  the 
computational burden. A f l ow  c h a r t  o f  the I G M  guidance law used i s  
shown i n  F igure 11-2. Su f f i ce  i t  t o  say t h a t  the  volume of ca l cu la t i ons  
involved i s  very great.  A l a t e r  sec t ion  o f  the chapter discusses i n  
d e t a i l  the use, operations, and ca l cu la t i ons  o f  the  I G M  guidance law. 
During the  burn a d i f f e r e n t  se t  o f  measurements are used than 
dur ing the coast. The measurements i n  t h i s  lse a re  on ly  r e l a t i v e  
measurements of states, namely the veh ic le  acce le ra t i on  i n  the veh ic le  
p o s i t i o n  coordinates. They are on ly  r e l a t i v e  measurements because 
i n t e g r a t i n g  acce lera t ion  gives on l y  a r e l a t i v e  change o f  v e l o c i t y  , b u t  
i t  never says what the actual  v e l o c i t y  i s .  I n t e g r a t i n g  the acce lera t ion  
twice gives a r e l a t i v e  p o s i t i o n  chans,  b u t  never says what the  p o s i t i o n  
- I- 
a c t u a l l y  i s .  Using these r e l a t i v e  p o s i t i o n  and v e l o c i t y  changes, a 
measurement i s  "constructed" from past p o s i t i o n  and v e l o c i t y  data p lus  
the r e l a t i v e  changes as determined by the  acce lera t ion  data.  I n  fac t ,  
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also acce lera t ion  due t o  g r a v i t y  and drag. This i s  accomplished by us ing  
models of g r a v i t y  and drag, which i n  ac tua l  p r a c t i c e  would be c a r r i e d  
i n  an cn-board computer. The accelerat ions are  then added together  
and the  r e l a t i  ve p o s i t i o n a l  and v e l o c i t y  changes determined. The 
reason drag and g r a v i t y  models must be used i s  t h a t  on-board accelerometers 
can measure on ly  r e l a t i v e  th rus t ing ,  no measuring devices are  a v a i l a b l e  
on-board t o  measure the acce lera t ions  due t o  these ex terna l  forces.  
During the  burn the  measurement ma t r i x  H(k+l ) i s  assumed constant, 
equal t o  the i d e n t i t y  ma t r i x ,  Is. This  i s  used t o  form a  propagated 
est imate o f  the measurements, and together,  the measurement est imates 
and the  measurements are  used i n  the s t a t e  est imator  t o  come up w i t h  a  
one step "cleaned-up" est imate o f  - X(k+l/k+l ) . This updated, 'opt imal  ' 
est imate i s  then used by the guidance law and a  closed-loop cyc le  has 
begun. 
For a l l  th ree  operat ing modes, i .e. de te rm in i s t i c ,  passenger, and f u l l  
f i l t e r ,  exact s t a t e  vector  in format ion i s  a v a i l a b l e  from a  four th -order  
Runge Kut ta i n t e g r a t i o n  rou t i ne .  This  in fo rmat ion  i s  then avai  1abl.e fo r  
comparison w i t h  the estimated data so as t o  determine t rack ing  accuracy 
and observat ion s igh t ings  dur ing the coast phase. The means by which 
t h i s  i s  performed i n  GSP i s  shown schemat ica l ly  i n  F igure 11-3. The 
upper f low graph represents the on-board type equations used i n  the 
nav iga t ion  system, w i t h  g rav i t y ,  drag, and guidance i n fo rma t ion  qoing 
i n t o  @, the data based on - X information. The arrows i n d i c a t e  d i r e c t i o n  
of in format ion ( e i t h e r  one Nay c r  two way). The lower 1  i n e  o f  f l ow  
represents the exact i n t e g r a t i o n  c a r r i e d  ou t .  I t  i s  t h i s  process t h a t  i s  
no t  a v a i l a b l e  i n  the r e a l  problem. It shows t h a t  a f t e r  i n t e g r a t i n g  - X ( k )  

t~ get  - X(k+l) ,  the  geometry of t he  measurement process, a  nonl inear  func- 
t i o n  o f  the  s t a t e  vector ,  i s  used t o  determine a  measurement vector,  
t o  which noise i s  added. This no isy  measurement i s  then used w i t h  the 
on-board f i l t e r  t o  determine a  new best est imate o f  s ta te .  I n  o rder  
t o  a l l ow  f o r  f l e x i b l e  operat ion,  a  general gaussian, random noise 
generator w i t h  ten  independent channels i s  a v a i l a b l e  i n  GSP. 
B. Descr ip t ion  o f  the I G M  Guidance Law 
Shown i n  Figure 11-2 i s  a  f l o w  cha r t  o f  the I t e r a t i v e  Guidance 
Mode ( I G M )  law being considered f o r  use on the  Space Tug as suppl ied 
by Northrop Services, Inc .  This sec t ion  discusses i n  d e t a i l  the  purpose, 
plan, and operat ion o f  t h i s  vers ion o f  I G M  and how i t  f i t s  i n t o  the GSP 
s imulator .  
The vers ion  of I G M  shown i n  Figure 11-2 i s  a  mod i f i ca t i on  o f  t h a t  
used w i t h  the Saturn V S I I  and SIV-B s tee r ing  systems. I t  was selected 
over a  Cross Product Steer ing (CPS) law (as used i n  the Apol lo  spacecraft 
CSM and LM o r b i t  t rans fer  s teer ing  systems) due t o  i t s  greater  f l e x i b i l i t y  
and o p t i m a l i t y .  I t  i s  designed t o  guide the  Tug from low-earth o r b i t  
t o  geosynch and back again through a  se r ies  o f  phasing o r b i t  plane 
changes. Since basic I G M  loses e f fec t iveness  when burn times are  over 
500 seconds, a mod i f i ca t i on  was provided which s l i g h t l y  biases the  time- 
to-burn as a  func t i on  o f  the  d i f f e rence  ( ~ a )  between the  semimajor ax i s  
of the  i n i t i a l  park ing o r b i t  and the semimajor a x i s  o f  t he  phasing o r b i t .  
This a l lows fo r  greater  accuracy w i t h  burn arcs o f  over 500 seconds. 
The I G M  law i s  an e x p l i c i t  guidance method which d i f f e r s  g r e a t l y  
from previous techniques i n  t h a t  nominal miss ion p r o f i l e  data i s  no t  
stored on-board. Instead the  I G M  law i s  an i t e r a t i v e  step-by-step 
closed-loop s o l u t i o n  which enforces the  desi red end cond i t ions  a t  
end-of-burn. It i s  based upon the  idea o f  a  l i n e a r  s tee r ing  law o f  
t he  form 
x = a  burn angle 
a,b constants 
t = running t ime w i t h  respect  t o  (WRT) a  f i x e d  reference 
The law makes use o f  a  f l a t  ea r th  assumption, an average g r a v i t y  f o r c e  
magnitude and d i r e c t i o n ,  and small angle approximations. Performance 
losses ( i  .e. add i t i ona l  fuel burden) a re  due t o  the  previous f a c t o r s  
p lus  the  e r r o r s  i n  the  p red i c t i ons  o f  t h e  burn a rc  and t ime t o  go (burn 
t ime).  
I n  Table 11-1 i s  a  l i s t  o f  symbois, w i t h  appropr ia te  d e f i n i t i o n s  o f  
those var iab les  appearing i n  F igure 11-2. Upon en te r i ng  IGM, the  f o l l o w i n g  
var iab les  must be known i n  order  t o  complete the  computations : F, ISpy m, 
. .. 
Tgv 5, X, X and e i t h e r  AZ, mL, R,,,, RT, VT, YT 
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f o r  f i xed  end cond i t ions  
o r  PT, eT, uT f o r  f l o a t i n g  end cond i t ions .  I n  add i t ion ,  i n  both cases 
an est imate o f  the burn-time-to-go i s  requ i red  even though i t  changes i n  
f l i g h t .  
A ser ies  o f  t ime-varying c o e f f i c i e n t s  are computed and a  l a r g e  
number o f  coordinate r o t a t i o n s  e f fec ted  t o  p r o j e c t  present cond i t ions  
t o  var ious f i n a l  coord inate frames and use the d i f fe rences t o  d r i v e  the  
vehic le.  The reference coordinate frame used i s  the Appolo 13 ear th -  
centered launch coordinates (ECLC) . 
Table 11-1. L i s t  o f  Symbols f o r  t he  IGM Guidance L a l ~  
SYMBOL DEFINITION 
F, THRUST Vehicle t h r u s t  
'ex 
ISP¶ SISP 
E x i t  v e l o c i t y  
Spec i f i c  impulse 
m Mass o f  veh ic le  
6 t Computation cyc le  t ime 
Instantaneous p o s i t i o n  and v e l o c i t y  vector, Apol 1 o 
13 coordinates (z -ax is  downrange, x  along negative 
g r a v i t y  vector  a t  launch s i t e ,  y completes r i g h t  
hand system) 
Instantaneous g r a v i t y  vector  
Az Launch azimuth 
mL, PHIL Launch l a t i t u d e  
i - Desired terminal i n c l  i n a t i o n  
ON Right  ascention of desi red terminal  descending - node 
- 
R, Desired terminal  rad ius  I 
'T Desired terminal  v e l o c i t y  
Y~ Desired terminal  f l i g h t - p a t h  angle 
P~ Desired terminal  semilatus rectum 
E ~ '  e~ Desired terminal  e c c e n t r i c i t y  
("T Desired terminal  argument o f  per igee 
m Mass f l ow  r a t e  I 
i 
T Tau (mass/mass f l ow  r a t e )  a 
SYMBOL DEFINITION 
4 ET Instantaneous range angle 
Y Fl igh t  path angle 
OT Desired terminal true anomaly 
G~ Terminal gravi ty  magnitude 
Pitch gimbal engine burn angle 
Yaw gimbal engine burn angle 
Time-to-go correction due t o  ve loci ty  errors 
A t e m i n a l  range angle dT i s  found from 
- 
cost eN 0 
G = s i n  e s i n  i N cos i 
-s in  eN cos 1 I s i n  i cos e cos i n (11-2) 
(ET = tan- '  z~lX~ 
s i n  ( s i n  AZ L - s in  (I L cos AZ I 
I -s in  4L cos 4 s i n  AZ -cos AZ cos dL L I 
s i n  AZ 
(11-5) 
(11-6) 
y = s in- ' ( (x  - ~ ) / R v )  (11-7) 
- V V~ mT - mET + 1/2 (ii COOS y + - cos y T ) ( l  + FK6)T 9 (11-8) R~ I 
and y i s  the f l i g h t  path angle, referenced t o  the loca l  hor izontal .  This 
on- l ine computed angle i s  a funct ion of the instantaneous range angle. (ET, 




= 112 ( i c o s  + -cos yT). (11-9) 
R~ 
1av times T gives an approximation t o  the  a d d i t i o n a l  angle traversed. 9 
The FK6 i s  a small adjustment value 
which i s  used t o  improve ove ra l l  ta rget ing ,  hence 
A users guide t o  the development ana operat ion o f  FK6 i s  ava i l ab le  [4]. 
For a d e t a i l e d  desc r ip t i on  o f  I G M  concepts and de r i va t i on ,  see [5,6,7]. 
An averaged acce lera t ion  vector i s  found by r o t a t i n g  the  present acceler- 
a t i o n  values i n t o  a terminal  frame and comparing i t  t o  an equivalent  
terminal  g r a v i t y  vector,  
where K i s  a r o t a t i o n  mat r ix  def ined by 
and 5 ,  0, s represent terminal coordinate frame variables. The 5-5 
plane i s  co1:tained i n  the desired o r b i t  plane, w i t h  5 measured from the 
center of the ear th  and passing through the o r b i t  i n j e c t i o n  point .  n i s  
then normal t o  the o r b i t  plane resu l t i ng  i n  
This i s  shown i n  Figure 11-4. 
Because o f  the de f i n i t i ons  o f  5 ,  I-,, s and t h e i r  ear th  or ientat ion,  
BT = VT s i n  YT . ;T = 0 iT = VT cos yT 
Using the de f in i t i ons ,  an incremental cor rect ion f ac to r  AT, representing 
a lumped equivalent o f  burn time correct ions over the cycle time 6 t  o f  
the guidance law ( i t  i t e ra tes  every a t  seconds), i s  determined. Terminal 
frame ve loc i t y  er rors  are computed assuming the averaged accelerat ion 
value over the remaining f l i g h t  from (11-12) i s  accurate. This i s  e f fec ted 
as fo l lows: 












Figure 11-4. SPACE TUG TERMINAL COORDINATE FRAME, 
Us+jf~g ( I  1-19), ve loc i t y  er rors  are computed as 
AF ' tT - Sest (end-of-burn ) (11-20) 
where iest (end-of-burn) i s  the f i r s t  ent ry  o f  (11-19). S imi lar  resu l t s  
occur for  A;, A;. The ve loc i t y  e r ro r  predict ions a t  end-of-burn are 
r e a l l y  on ly  extrapolated estimates o f  what type o f  terminal ve l oc i t y  
er rors  w i l l  occur if the present thrust ing h i s t o r y  were t o  continue and 
i f  the approximations o f  (1 ) averaged g rav i ta t iona l  acceleration, and 
-
(2) Tg + AT ac tua l l y  y i e l ds  the burn time-to-go. It i s  t rue  t h a t  as 
end-of-burn approaches, a l l  o f  the approximations hecome very good and 
terminal homing condit ions preva i l  (small angle approximations hold, 
average dccel e r a t i  on values approach instantaneous , errors  tend t o  zero, 
extrapolat ion equations become accurate, etc. ) . 
This extrapolated estimate o f  the ve loc i t y  er rors  a t  end-of-burn 
i n  the terminal coordinate frame ( i d e a l l y  the ve loc i t y  er rors  should be 
zero) i s  used t o  determine r e l a t i v e  t h rus t  angles ips iy9 the p and y 
representing p i t c h  and yaw respectively. These are computed from 
P - = tan- '  ( b i / b i )  
X~ 
- 
- tan-' [A:/ 4-1 (11-22) 
These angles are shown i n  Figure 11-5. A number o f  parameters A B , C Y '  Y Y '  
- - 
D , E , A , B , C D , E , which are functions o f  Vex, , x , x , 5, Y Y  P P P ' P  P 
. . .  
.. .. Tg P Y 
n, 5 ,  C T ¶  nT, cT, 5, n, 5, Fg, ng are computed. The end r e s u l t  o f  i n t e res t  
here i s  t h a t  using the l i s t e d  parameters, s teer ing angle parameters K1, 
K are computed. Their  purpose i s  t a  provide a 1 inear steer ing K2, K3* 4 

law form as i n  (11-1 ). I n  theory they should be constants, bu t  due t o  
the la rge number o f  approximations used i n  the development o f  IGM, they 
are updated every cycle ( s t  seconds) so as t o  form essen t i a l l y  a 'series 
o f  piece-wise 1 inear steer ing laws of the form 
( the signs on Ki are unimportant as they are a funct ion o f  the p a r t i c u l a r  
def ining var iables) .  The angles are measured i n  the terminal (5,n,5) 
coordinate frame and as such must be converted t o  angle informat ion i n  . 
ECLC so t h a t  the gimballed thrus ter  can be proper' ly or iented t o  d r i ve  the 
vehic le i n  the proper d i rec t ion .  
This l a s t  se t  o f  operations i s  e f fec ted by using x ' 9 xy' t o  
determine the d i r ec t i on  cosines u, v, w, i n  the 5, n, s frame, 
Using the K r o t a t i on  mat r ix  from (11-13), the corresponding d i r ec t i on  
cosines DCX, DCY, DCZ, i n  ECLC are found from 
1  T  I t  should be noted t h a t  since K i s  an orthogonal mat r ix ,  then K- = K . 
This g r e a t l y  simp1 i f  i e s  t h e  computer programni ng burden. The burn angles 
X ~ y  x~
can then be computed t o  be 
X~ 
= tan-' (DCXIDCZ) 
which i s  s i m i l a r  t o  the  previous 6-q-5 case. These two angles are t h e  
output  which go t o  the  gimbal led t h r u s t e r  servos t o  o r i e n t  the  th rus te rs  
proper1 y  . 
This e n t i r e  procedure, ending w i t h  angles x and x i s  recomputed P  Y'  
every G t  seconds. The case j u s t  described i s  one i n  which f i x e d  end 
condi t ions are  assumed and the terminal p o i n t  i s  f i x e d  ( t ime- inva r ian t ) .  
A s i m i l a r  procedure occurs f o r  t he  case o f  f l o a t i n g  end condi t ions.  Here, 
PT, eT, uT are  f i x e d  b u t  RT, VT, yT are va r iab le  i n s o f a r  as they are ab le  
t o  cause t h e  proper o r b i t  in te rcept ;  they must be ca lcu la ted on-1 ine, 
however, s ince the  remaining ca l cu la t i ons  requ i re  these values. 
Since t h i s  mode e s s e n t i a l l y  r e s u l t s  i n  more unknowns than there are  
equations, a  sub - i t e ra t i ve  loop w i t h i n  t h e  IGM loop i t s e l f  i s  se t  up t o  
match parameters as best  as possible. The number o f  i t e r a t i o n s  i s  
c o n t r o l l e d  by an e x t e r n a l l y  read i n  data card va r iab le  NCYL. Because of 
t he  discrete-cont inuous nature o f  the IGM equations, the  r e s u l t i n g  p a r t i a l  
de r i va t i ves  f o r  use i n  the  navigat ion-state est imat ion process are on ly  
approximations t o  the t r u e  p a r t i a l  de r i va t i ves .  The i t e r a t i v e  cyc le  w i t h  
the  f l o a t i n g  end condi t ions creates a  problem because each i t e r a t i o n  adds 
incremental values t o  T  v e l o c i t y  d i f ferences,  e t c .  so t h a t  i f  more than 9 ' 
one cyc le  i s  run  through i n  the sub-loop, the  p a r t i a l  de r i va t i ves  i n  t h e  
sta te  estimator por t ion o f  GSP w i l l  not  correspond t o  actual parameter 
values. Both sets o f  data are required and both must be compatible i f  
proper est imation i s  t o  occur. This problem i s  a l l ev i a ted  by se t t ing  
NCYL t o  a value al lowing only a s ing le  cycle t o  occur. The shortcoming 
of t h i s  approach i s  t ha t  terminal i n te rcep t  accuracy can be 1 ost  t o  some 
degree. A t  present, however, t h i s  appears t o  be the only v iab le  solut ion.  
C. Basic IGM Optimum Trajectory Concept 
I n  essence, the IGM guidance law i s  a technique f o r  meeting guidance 
object ives w i th  a minimum expenditure of fuel. A l l  equations are based 
on Newtonian physics and a po in t  mass veh ic le  i n  a vacuum. Two di f ferent  
simp1 i f  i ed  two-dimensional der ivat ions o f  optimum steer ing 1 aws for  a 
winimum fuel system w i l l  be b r i e f l y  presented and disclssed w i t h  respect 
t o  the f u l l  I G M  law i n  Section B so as t o  obtain a c learer  p ic tu re  of 
the reasoning behind IGM. 
1. F l a t  Earth Equations 
For short  range f l  i ghts o f  approximately constant a1 t i  tude, the earth 
can be assumed t o  be f l z ? :  and t o  have a constant g rav i t y  vector. A 
s impl i f ied model o f  the 2-D f l i g h t  problem i s  given i n  Figure 11-6. 
Referring t o  t h i s  f i gu re  the equations o f  motion are: 
XI = X3 , X1(0) = 0 (11-29) 
X2 = X4 X2(0) = hl, X2( tF) = h2, (11-30) 
X j  = aF(t)cos e . X3(0) = vR1. X3(tF) = VR2' (11-31) 
and 




where aF( t )  i s  the magnitude o f  the accelerat ion on the vehicle due t o  
engine thrust ing.  The aux i l  iary,  o r  costate equations formed from (11-29) 
through (11-32) are 
and 
These are obtained by forming the Hamiltonian [8]. 
der ivat ive o f  H and se t t i ng  i t  t o  zero y ie lds  
Taking the p a r t i a l  
Equations (11-33) - (11-36) are read i l y  integrated, resul t i n g  i n  
,,(t) = 0 
$,(t) = $+0) (11-38) 
$,(t) = $3!0) 
$4( t )  = ~ ~ ( 0 )  - q2(0) t  
Subst i tu t ion o f  (11-38) i n t o  (11-37) y i e l d$  
e = tan-' (cl - c2 t ]  (11-39) 
where 
q4 (9) q2(0) 
C1 = - c = -- (11-40) 
q3 (0  q3(0) 
Now (11-39) can be w r i t t en  as 
tan e = C1 - C 2 t  
and f o r  small angles tan e = e, so by select ing the f l i g h t  geometry so 
the angle e tends toward zero near the end o f  burn f l  ight ,  the cont ro l  
law i s  l i n e a r  as i n  (11-1). Since g rav i t y  i s  constant, so are C1 and C2. 
The resu l t i ng  control  law from (11-41), 
i s  s im i l a r  i n  form to  (11-23) and (11-24) i n  IGM. The di f ferences come 
from the f a c t  t ha t  i n  I G M  the guidance algori thm i s  updated every s t  
seconds, representing the " l i f e  span" o f  the pa r t i cu l a r  constants K1-K4, 
and a1 so because of the d iscre t ized nature of the IGM terms. 
2. Round Earth Equations 
I n  t h i s  section a more r e a l i s t i c  approximation o f  the actual 
f l i g h t  o f  a space vehicle i s  studied. It i s  assumed tha t  the vehicle 
i n  f l y i n g  about a round ear th  and t ha t  an inverse square law g rav i t y  
f i e l d  i s  present. The basic f l i g h t  geometry i s  shown i n  Figure 11-7. 
The equations governing f l i g h t  under these condit ions can now be wr i t ten :  
POINT MASS 
Figure 11 -7 .  COORDINATE SYSTEM FOR A ROUND EARTH. 
where XI represents the distance o f  the space vehic le from the ear th ' s  
center, and X2 i s  the range angle defined by Figure 11-6. As before, 
the costate equations can be determined using calculus of var ia t ions 
(COV) p r inc ip les  t o  be 
and 
'44 
= aF( t )  ('43 s i n  e + - cos e )  
XI 
(11-51 ) 
where the boundary condit ions XI (O), X2(0), X3(0), X4(0). Xl ( t f ) ,  X3( t f )  , 
X4(tf). 4J2(tf) and 4J5(tf) are known. Again taking the p a r t i a l  de r i va t i ve  
o f  H WRT e y i e l ds  - 
d i f f i c u l t  due t o  the complex forms appezring i n  (11-47) - (11-51). This 
c l ea r l y  shows that, j u s t  f o r  the s imp l i f i ed  2-0 problem, adding the freedom 
of a spherical ear th  w i t h  an inverse square g rav i t y  law as opposed t o  a 
f l a t  earth, constant g rav i t y  model has added g rea t l y  t o  the complexity 
o f  the opiimum so lu t ion  form. Considering the f u l l  3-0 problem w i t h  
general gravi_ty terms compounds the problem even more severely; hence 
the reason f o r  an on-1 i ne, i t e r a t i v e l y  imp1 emented, piece-wi se 1 i near 
type guidance law such as IGM. 
D. GSP Subroutine Operations 
The simulat ion rou t ine  GSP i s  made up o f  a number o f  funct ion sub- 
programs and subroutines i n  conjunction w i t h  a la rge number o f  COMMON 
blocks for  ease o f  data t ransfer ,  A ser ies o f  rout ines i s  used so t h a t  
each can be optimized t o  perform a ce r t a i n  r e p e t i t i v e  chore w i t h  a 
minimum of computer cards and hence computer storage and compile load. 
I n  t h i s  sect ion the subroutines are l i s t e d ,  along w i t h  the data 
input  t o  each rout ine,  the r esu l t i ng  data output, and the purpose 
behind each rout ine.  It i s  hoped t ha t  t h i s  w i l l  g ive  the user a be t t e r  
understanding o f  the f l e x i b i l i t y  o f  GSP as wel i  as a f f o r d  a c lea r  enough 
understanding t o  be able t o  co r rec t l y  modify the package wi thout  
i n t e r r up t i ng  the proper f low o f  data. 
MAIN 
input  
reads e, E, n, T , R o f  each WRT sun 
( f o r  sun coordi kates) 
X,  X, Thrust, ISp, '9 Tf9 TStart 
- - 
p r i n t  increment coast 
p r i n t  increment burn 
AZ, ", - launch coordinates 
ICHECK - mode select ion 
1 determin is t ic  
2 s ta te  estimator 
3 passenger 
ISW = burn o r  coast i n i t i a l i z a t i o n  
NCYL = # cycles through sub-loop i f  only f i n a l  o r b i t  (not  pos i t i on )  
i s  spec i f ied 
NFK6 = whether o r  not  the cor rect ion factor  FK6 i s  used 
0 means no 
1 means yes 
I n i t i a l i z e s  (1) s ta te  covariance 
(2)  noise covariance 
(3 )  measurement covariance 
(4)  8 vector 
T COAST - time coast i s  t o  end; added t o  be used as. an i. n i t i o n  
supplied by NASA f a i l e d  
9, equation. This idea suggested by B. Will lams w en rout ines 
none -i ntermediate step 
Purpose 
(1) read i n  s t a r t  data 
(2) i n i t i a l i z e  states, covariance matrices 
(3) Run GSP 
(4) cont ro l  output p r i n t  cyc le  
NPRINT 
i npu t 
updated simulat ion var iable values 
States, ve loc i t ies ,  range angle, accelerations, g r a v i t y  , time t o  burn, 
etc. 
output 
p r i n t s  out  values 
Data output rou t ine  
input  
present f l i g h t  condit ions 
output 
o r b i t  parameters 
purpose 
as open-loop computation o f  o r b i t  parameter equivalents 
GRAV 
-
input  - present vehic le pos i t i on  
output - 3-D g rav i t y  value 
purpose - supply g rav i t y  values t o  simulat ion 
F i  scher grav i  ty model 
see NASA TN D-2691 March 1965 by Fischer 
I FUN 
-
i npu t 
pos i t ion ,  v e l o c i t y  vector, t ime 
output 
accelerat ions due t o  t h r u s t i n g  and g r a v i t y  
purpose 
t o  compute accelerat ions on veh ic le  as i n t e g r a t i o n  rou t ine  steps 
through f r a c t i o n a l  i n t e g r a t i o n  i n t e r v a l  s. This i s  accompl i shed 
( f o r  simp1 i c i  t y )  by computing an approximate angle ra te ,  
x,(k+l) - x,(k) 
i p ( k + l )  2 A t  
and then assuming t h a t  between t ime (k+ l  ) and (k+2) t h a t  x i s  
constant.  With 4 th  order  Runge-Kutta i n t e r v a l  s of a&, f3$ . p ~ 3 .  B4. 
a l l  l ess  than the  i n t e g r a t i o n  step s i z e  ~ t ,  the  c o r r  spo d i n  new 
burn angles are  approximated by 
i npu t  
ARTAN 
sine, cosine o f  burn angles, i n teger  se lec to r  ISW 
output 
normalized angle data 
purpose 
i f  ISM = 1, angle normalized between 0 and  IT 
i f  ISW = -1, angle normalized between -n and IT 
VMAG 
-
i npu t 
three dimensional vector  
magnitude o f  vector  
purpose 




two 3-D vectors 
output 
one 3-0 vector 




two 3-D vectors 
YCROSS 
i npu t 
two 3-D vectors 
output 
one 3-!I vector 
purpose 
compute the cross product of two vectors 
I RUN 
-
i npu t 
posit ions, ve loc i t ies ,  accelerations, time, integr&?an step s ize 
output- 
updated posit ions, ve loc i t ies ,  time 
purpose 
Exact in tegra t ion  o f  systenr dynamfcs so t ha t  (1  ) t r u e  est imation 
e r r o r  can be determined, (2)  observation s ight ings o f  ce l es t i a l  




s i n  and cos of an angle x 
output 
angle x normalized t o  be between 0 and 2r 
purpose 
normalize burn angle t o  be between 0 and 2n 
i npu t 
o l d  burn angles, gravi ty,  posit ions, ve loc i t ies ,  time, terminal 
o r  rendevous condit ions 
output 
gimballed thruster  burn angles x , x , f o r  p i t c h  and yaw commands P Y 
purpose 




s i n  and cos o f  an angle 
output 
normal i zed burn angle 
purpose 
normalize an angle so i t  l i e s  between + T .  
ASIN 
-
i npu t 
s i n  o f  an angle x 
output  
angle x normal i r e d  t o  $ 
purpose 




cos ~f zn angle x 
output  
IT angle x normalized t o  kz 
purpose 
normalize an angle x, given cos x, t o  be between t; 
Y DOT 
i nput 
s t a t e  va r iab le  dynamical information; system s ta tes  
output  
d e r i v a t i v e  o f  s t a t e  var iables 
purpose 
compute e of = Ax + B l .  Can be used as p a r t  o f  a separate, on- 
board rou t ine  f o r  on-1 i ne i n t e g r a t i o n  o f  the  burn accelerometer 
data 
RUNGE 
i npu t  
system order, d e r i v a t i v e  of s ta te  vector,  present s t a t e  vector, 
present time, i n t e g r a t i o n  i n t e r v a l  
output  
new s t a t e  vector  a t  updated time, new t ime 
use i n  conjunction w i t h  YDOT as p a r t  o f  an on-board rou t ine  for  
on-1 ine  in tegra t ion  of the burn accelerometer data. 
i npu t 
matr ix  A 6x6 
vector B 6x1 
output 
vector C 6x1 
purpose 





matr ix  X 6x6 
matr ix  Y 6x6 
matr ix  Z 6x6 
z = X.Y 
purpose 




mat r ix  
system order 
purpose 
matr ix  inversion 
i npu t  
MEASUR 
vehic le posi t ion,  measurement observations, noise genevator signal s 
output 
per fec t  and noisy measurement observaf:ions 
t o  generate accelerometer and/or op t i ca l  s igh t ing  signals o f  ce l es t i a l  




present system state, noisy measurements, f i  1 t e r  p a r t i a l  de r i va t i ve  
data froin IGM, covariance matr ix  data, mode o f  operation (Coast o r  
Burn) 
output 
updated s ta te  covariance, updated s ta te  estimate 
purpose 
nonl i near s ta te  est imation 
PROPGT 
input  
present system s ta te  estimate i ( k / k ) ,  l i near i zed  s ta te  matr ix, 
g rav i t y  
output 
one step propagated s ta te  estimate, i ( k + l / k )  
- 
purpose 





exact s ta te  vector, eccent r ic i ty ,  eccentr ic  anamoly, mean d a i l y  
motion, reference time ( t ime o f  per icenter passage), semi-major 
ax is  dimension 
output 
coordinates of sun WRT the ear th  i n  a se t  o f  coordinates w i t h  the 
plane o f  the e c l i p t i c  l y i n g  i n  one o f  the coordinate planes. 
purpose 
compute sun coordinates f o r  use i n sun seeker t rack ing measurements 
ATTUDE 
input 
a t  present, none 
output 
three a t t i t u d e  angles 
purpose 
This rout ine i s  t o  represent the a t t i t u d e  cont ro l  system and i n e r t i a l  
p la t form alignment o f  the Tug. It i s  proper ly ca l l ed  i n  the program 
cycle; a t  present, the rout ine i s  set  up f o r  the plat form t o  be 
a1 igned. 
PARTLl 
i npu t 
i ( k / k ) ,  X(k+l/k), a l l  data from IGM calculat ions,  mode type (Coast 
- 
o r  Burn), g rav i t y  
output 
par ts  of calculat ions f o r  @(k+l  ,k), H(k+l) 
purpose 
To evaluate intermediate expressions which make up the p a r t i a l  de r i va t i ve  
ca lcu la t ions.  There i s  a PARTLl and PARTLP, and PARTL3, a1 1 performing 
calculat ions.  Three separate rout ines are desired because o f  Rol l  Size 
1 im i ta t ions  o f  the I B M  370/155 system a t  Auburn Univers i ty  . 
i npu t 
same as PARTLl 
output  
same as PARTLl 
purpose 
same as PARTLl 
i npu t 
same as PARTLl 
f i n a l  ca l cu la t i ons  f o r  4(k+l, k )  , H(k+l ) 
purpose, 
same as PARTLl 
Output 
i nput 
ou tput  data from PARTLl, PARTL2, SUN. PROPGT, FILTER, MEASUR, RUNGE 
( i f  used), IGM, I N N ,  IFUN, GRAV, CONIC, MAIN, PARTL3 
output  
p a r t i a l  d e r i v a t i v e  intermediate ca lcu la t ions ,  @(k+l  ,k) , H(k+l ) , s t a t e  
vec tor  estimate, exact  s tate,  exact  and noisy observations, covariance 
mat r ix ,  s t a t e  and measurement e r r o r  res idua ls  
purpose 
make computation r e s u l t s  ava i lab le ;  a l so  t o  compare and analyze 
f i l t e r  accuracy as a func t i on  o f  time. 
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GRAND 
i npu t 
mean val ue, standard deviat ion, in teger  channel se lec t ion number 
between 1 and 10 
output 
A guassian random (Gaussian - RANDom) number w i t h  character is t ics  
o f  each mean and stxndard dev ia t ion f o r  each channel. 
purpose 
Noise generator f o r  measurement process. 
i nput 
integer representing a channel number between 1 and 10 
output 
a s ing le  number 
purpose 








provide i n i t i a l  i z a t i o n  values f o r  the random number generators. 
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CONOBS 
matrices A, B, H and t h e i r  respective dimensions o f  the form 
output 
statement as t o  c o n t r o l l a b i l i t y  and/or observab i l i t y  o r  the lack 
thereof, and a scalar representing the determinant o f  a matr ix  
r e s u l t  based on Kalman's c r i t e r i a  f o r  l i near ,  t ime- invar iant  systems 
purpose 
determine control  1 abi  1 i t y  and/or observabi 1 i t y  o r  the 1 ack thereof 
of a l i n e a r  (or  the equivelant), t ime- invar iant  dynamical system i n  






Actua l ly  a package of ENTRY statements which perform operations o f  




An nxn matr ix  A and an integer p r i n t  cont ro l  character 
output 
Eigenvalues o f  a rea l  matr ix  
purpose 
compute the eigenvalues of a rea l  matr ix, symmetric o r  nonsymnetric 
DINVER 
input 
A square matr ix  and i t s  dimensions 
output 
a matr ix  and a scalar  representing the determinant o f  the input  matr ix  
purpose 
compute the double precis ion inverse ( 2 ~ u b l e  prec is ion INVERse) o f  




r o o t  of a polynomial, coe f f i c ien ts  o f  polynomial 
output 
reduced order root ,  normalized polynomial coe f f i c ien ts  
purpose 
d i v i de  out  f i r s t  order fac to r  from polynomial i n  order t o  obtain a 
reduced order polynomial 
POLY EV 
input  
r o o t  o f  a polynomial, coef f ic ients  of a polynomial 
output 
reduced order polynomial coe f f i c ien ts  
purpose 




coefficients of a polynomial and the degree o f  the polynomial 
output 
one root of the remaining reduced-order polynomial 
purpose 
t h i s  routine systematically f inds the roots o f  a polynomial one a t  
a time using a simple caging scheme based on D'Alembert's Lemna 
E. GSP Input/Output 
I n  t h i s  sect ion a discussion i s  given concerning the input/output 
data, the un i t s  employed, any constants needed, un i t s  o f  the output 
data, and what the output data means. As the GSP program i s  now 
structured, a l l  major data i s  read i n  Prom cards o r  parameters i n i t i a l i z e d  
from ENTRY statements from commands a t  the beginning o f  MAIN, the cyc l ing  
conzrol r o u t i  ne . 
Following i s  a l i s t  o f  the var iables read in ,  t h e i r  de f i n i t i on ,  u n i t s  
required (where appl icab l  e )  , and representat ive values used a t  the present. 
I n  Appendix B d e t a i l s  o f  computer card formats and examples o f  what the 
output looks l i k e  are given. The var iables read i n  are: 
ECC - eccen t r i c i t y  o f  the Earth 's o r b i t  about the sun; un i t less .  Present 
value = .I6727 
ECCAML - eccentr ic anamoly o f  the Earth; .0083013 
ANM - mean dai 1 y motion o f  the Earth; rad/sec. Present value = 1.9908 x 
10-7 rad/sec . 
TREF - t ime o f  Earth 's per icenter passage; seconds. Due t o  lack o f  
d e f i n i t i v e  data, a r b i t r a r i l y  chosen as 0.0. 
AMAJOR - dimension of semi-major ax is  o f  Earth 's o r b i t  about the sun; meters. 
Present value = 1 -4947x1012 meters. 
ISM - program mode switch; 1 means i n  Coast, 2 means i n  Burn. The i n i t i a l  
value i s  not  r e a l l y  important as the program a1 t e r s  i t  t o  f i t  the 
necessary f l i g h t  condit ions. 
NCYL - in teger  counter which controls the number of sub-loops performed 
i n  I G M  i f  f l o a t i n g  end condit ions are used. NCYL = 0 i s  used, 
ind ica t ing  one cycle i s  performed. 
-
NFK6 - in teger  mode switch; if 0 i t  means FK6 = 0 and i f  1 i t  means the 
guadratic curve f i t  f o r  FK6 i s  employed. 




SISP - engine-fuel s p e c i f i c  irnpuise. Un i t s  o f  seconds. Present value = 
440 seconds. 
WTSTAG - i n i t i a l  weight ~ f '  Space Tu,g a t  s imu la t ion  i n i t i a l i z a t i o n  t ime. 
Un i t s  of pounds. Prssznt value = 58,500 pounds. 
TF - f reeze t ime before engine c u t - o f f .  Used t o  con t ro l  c e r t a i n  IGM 
parameters near end-of-burn. Un i t s  o f  seconds. Present value = 
10 seconds. 
TIME - s imula t ion  running t ime referenced t o  Space S h u t t l e  Ear th launch 
time. Un i t s  o f  seconds. Present value = 41975.59 seconds. 
X - 3-D p o s i t i o n  vector  i n  ECLC. U n i t s  o f  meters. Present values = 
- 
-871 43.37 -241404.6 -6673876.0 
DX - 3-D v e l o c i t y  vector  i n  ECLC. Un i t s  of meters/second. Present values = 
- 
7730.2 -1 7.55 -1 05.50 
XOFFST - i n i t i a l  nav iga t ion  s t a t e  vec tor  e r r o r .  S ix  elements; f i r s t  th ree  
a re  p o s i t i o n  e r r o r s  i n  meters and second th ree  are  v e l o c i t y  e r r o r s  
i n  meters/second. 
DTC - Coast propagation t ime increment. Un i t s  o f  seconds. Present value = 
60 seconds. 
DPRTC - Coast p r i n t  increment. Automat ica l ly  adjusted t o  be the nearest 
mu1 t i p 1  e o f  DTC possib le.  Uni t s  o f  seconds. Present va l  ues 
60 t o  500 seconds. 
DTB - Burn propogation t ime increment. Un i t s  o f  seconds. Values between 
.5 and 2 seconds. 
DPRTB - Burn p r i n t  increment. Automat ica l ly  adjusted t o  be the nearest 
mu1 t i p l e  o f  DTB possib le.  Un i t s  o f  seconds. Present values 2 t o  
10 seconds. 
AZ - launch azimuth on Earth. U:iits o f  degrees. Present value = 83.39 
degrees. 
PHIL - launch a t t i t u d e .  Un i t s  o f  degrees. Present value = 28.6 degrees 
TPHIT - no t  used a t  present. Use a b i g  number, i .e. 1 .0x108 
TCHIT - f i r s t  ( o f  two) c h a r a c t e r i s t i c s  f reeze times i n  IGM. Un i t s  o f  
seconds. Present .value = 15 seconds. 
ICHECK - program mode se lec t i on  switch. I f  1 then a de te rm in i s t i c  run  i s  
made; 2 the  f u l l  nonl inear  s t a t e  est imator  i s  employed; 3 the  
passenger mode i s  run. 
XINTL (en t ry  statement) - located near the end o f  FILTER subroutine. 
Used t o  i n i t i a l  i z e  X(k+l/k+l ) by adding the  
o f f s e t  vector, XOFFST. 
COVRNC (en t ry  statement) - located near the end o f  FILTER subroutine. 
Used t o  i n i t i a l i z e  the  s t a t e  covariance mat r ix .  
On1 y diagonal elements are  i n i t i a l  1 y defined. 
Since the  di-agonal e n t r i e s  represen i  variances, 
2 2 2 o1 -+ u~~ have u n i t s  o f  meter and a4 + a6 2 
n 
o f  (meterlsecond) l .  Present values are 
2 8 2 6 
('1 + "3 = 10 , o4 -+ oc2 = 10 . 
QMATX (en t ry  statement) - located near the  end o f  FILTER subroutine. Used 
t o  i n i t i a l i z e  the process noise covariance mat r ix  
Q. Only diagonal elements are  defined. Un i t s  
2 2 of meter and (meter/second) . Present values 6;. 
2 
"1 ' 062 = 2500.0. 
RT - terminal  radius sca lar  from the center o f  the Earth a t  end-of-bum. 
Un i t s  o f  meters. Present value = 6,695,842.0 meters. 
VT - terminal  v e l o c i t y  sca lar  a t  end-of-burn. Un i t s  o f  meterslsecond. 
Present value = 83€.Q,4 meters/second. 
THT - y desi red terminal f l i g h t  path angle. Un i t s  o f  degrees. Present 
vHiue = 1.254 degrees. 
PO2 - semi-latus rectum o f  o r b i t  the burn i s  t o  i n j e c t  Space Tug i n t o .  
U n i t s  o f  meters. Present value = 7,858,094.0 meters. 
E2 - e c c e n t r i c i t y  o f  o r b i t  a t  end-of-burn. Un i t less .  Present value = 
.17547. 
ARGPER - argument o f  t he  perigee ( o f  the  o r b i  t a t  end-of-burn) . Un i t s  
o f  degrees. Present value = 180.689 degrees. 
DINCL - i n c l i n a t i o n  o f  the  desired burn o r b i t .  Un i ts  o f  degrees. Present 
va lue  = 29.28 degrees. 
DNODE - long i tude of the  ascending node o f  t he  desi red burn o r b i t .  Un i t s  
o f  degrees. Present value = 99.4 degrees. 
TGB - i n i t i a l  estimate of t ime-to-go i n  the  burn. Un i t s  o f  seconds. Pre- 
sent  value = 242.3 seconds. 
RANT - range angle for  burn o r b i t .  Un i t s  o f  degrees. Present value = 
171 -028 degrees. 
WDROP - mass f l ow  r a t e  o f  the  fuel dur ing  the  burn. Results i n  a decrease 
i n  Space Tug weight. 
RMATX (en t ry  statement) - located. near the  end of FILTER subroutine. 
I n i t i a l i z e s  the measurement noise covariance 
mat r i x  R. Only diagonal elements are defined. 
2 During burn, u n i t s  a re  o + u meters , 
2 1 3  
9 2  
-+ u (meters/second)'. Present values a re  
62 al o6 = 10.0. 
RCOAST (en t ry  statement) - located near the  end o f  FILTER subrout ine. 
I n i t i a l i z e s  the measurement noise covariance 
mat r i x  R dur ing  the  Coast phase. Only diagonal 
elements are def ined. Un i t less .  Present values 
are u 2 1 -3 
= 
TCOAST - i s  a replacement method f o r  use as an i g n i t i o n  equation. It i s  
the  t ime the coast i s  t o  end. Phys ica l ly  t h i s  i s  t o  be accomplished 
by comparing rangle angle measurements. Un i ts  o f  seconds. 
Present value = 0.0 ( s t a r t  o f f  w i t h  a burn).  
111. FLIGHT DYNAMICS OF SPACE TUG 
AND THE NAVIGATION SYSTEM 
I n  t h i s  chapter the  basic dynamical equat ion considerat ions a re  
inves t iga ted  and the general nonl inear  dynamics o f  the  Space Tug i n  
powered and unpowered f l i g h t  a re  developed. The equations and de r i va t i ons  
t a c i t l y  assume t h a t  the veh ic le  i s  a  p o i n t  mass. At  t h i s  p o i n t  on l y  t he  
3 degree-of-freedom t rans1 a t i o n a l  problem i s  considered, a1 though an 
i n e r t i a l  p lat form w i t h  p rov is ions  f o r  an a t t i t u d e  c o n t r o l  system 
package are  inc luded i n  GSP. 
A. Problem Formulation 
The basic  dynamics of the  Space Tug f l i g h t  problem a r i s e  froni 
Newtonian f o r c e  considerat ions, i .e .  
F  = ma 
- - (111-1 ) 
For t he  Tug, assuming so la r  pressure i s  n e g l i g i b l e ,  g r a v i t y  and drag a re  
the  o n l y  ex terna l  f o rce  terms ac t i ng  on the veh ic le .  The g r a v i t y  model 
t h  
employed was a  5 order polynomial approximation used on the Saturn V 
Apol lo  f l i g h t s  [91. The guidance law i s  a  mod i f ied  vers ion  o f  IGM, 
which was a l so  used i n  t h e  Apol lo  program. It i s  a  p r a c t i c a l  form o f  a  
minimum f u e l  opt imal con t ro l  law w i t h  i n t e r n a l  terminal  p o s i t i o n  and 
v e l o c i t y  rendezvous con t ro l .  A basic f l o w  c h a r t  o f  t h e  computational 
operat ion o f  IGM was g iven i n  F igure 11-2. 
Under the previous conditions then, the system dynamics may be 
written in a fixed, dextral, orthogonal, cartesian frame as 
.. 
T/m DCX + x + xd ['I = 1 DCY t + 
T h  DCZ + Z + Zd 
where 
engine gimbal 1 angle direction cosines 
DCZ 
DCX = Cll sin cos xi + C12 sin xi + C13 cos x' cos x' P P Y 
DCY = C21 sin x' cos x' + CZ2 sin xi + CZ3 cos cos P Y P 
DCZ = Cgl sin x' cos xi + C32 sin xi + C33 cos x' cos P P Y 
P = engine pitch burn angle; in radians. 
X~ 
= engine yaw burn angle; in radians. 
Cij = elements of inverse rotation matirx (K-I) 
T = vehicle thrust, in pounds. 
.. 
X i; , z = accelerations due to gravity in cartesian coordinates; 
9' units of ft/sec2 
For analysis purposes the vehicle thrust is assumed constant, although 
in practice a stochastic thrust variation can be expected. The vehicle 
mass is assumed time-varying with a constant mass flow rate due to fuel 
expenditure, although, again, i n  p r a c t i c e  a c e r t a i n  amount of random 
v a r i a t i o n  can be expected. 
I n  o r d e r  t o  develop a s t a t e  est imator,  (111-2) must be expressed 
i n  terms o f  s t a t e  equations. Since (111-2) represents 3 second-order 
systems, a s i x t h  order s t a t e  vector  r e s u l t s .  Since the  d i r e c t i o n  
cosines, g rav i t y ,  and drag terms are nonl inear func t ions  of X, Y, Z, 
. . X, Y, Z t he  o v e r a l l  s t a t e  equations f o r  (111-2) can be w r i t t e n  i n  t h e  
general form 
where 
x T =  ( X Y Z ~ ? ? )  
- 
f = nonl inear dynamic vector 
- 
A d isc re te  form o f  extended '~a lman  f i l t e r i n g  i s  t o  be used t o  process 
the  on-board data t o  obta in  the  s ta te  estimates f o r  t h e  guidance law, 
on-board g r a v i t y  and drag models. For r e a l  - t ime operat ion t h i s  requ i res  
the  use of a se t  o f  1 inear ,  d i sc re te  equations which approximate (111-3), 
a t  l e a s t  over a short  t ime i n t e r v a l .  
To ob ta in  the  l i nea r i zed  equations, t h e  func t i on  vector  ~ ( t  + b t ) ,  
representing a propogation disturbance, i s  expanded i n  a Ta.yl o r  ser ies  
about the  operat ing p o i n t  X ( t ) .  Such an approach was used by Mekra [ l o ]  
- 
f o r  a nonl inear t rack ing  problem f o r  an Earth re-ent ry  veh ic le  acted upon 
by g r a v i t y  and drag forces. Results obtained by such an expansion are 
- 
A t  *. b t 2  X( t  + a t )  = X ( t )  + -- + X -+ H.O.T. 
- - l !  - 2! (111-4) 
where H.O.T. represents the higher order p a r t i a l  de r i va t i ve  terms. Using 
(k)  t o  represent t ime ( t )  and (k + 1 ) t o  represent time (t + d t ) ,  (111-4) 
can be w r i t t en  as 
where - ~ ( k )  i s  a random noise vector which i s  t o  represent a lumping o f  
the H.O.T. o f  (111-4). But 
k ( k )  = f (X(k))  
- (111-6) 
and 
Using (111-6) and (111-7) w i t h  (111-5) r esu l t s  i n  
Note t h a t  f ( X ) ~ t  represents an est imate o f  t he  change i n  the  s t a t e  vector  
- - - 
X over the  t ime per iod  ~t s ince f represents the d e r i v a t i v e  vector  o f  X, 
- - - 
as noted i n  (111-6). 
The actual  a n a l y t i c a l  computation o f  A(X) i s  e x t r a o r d i n a r i l y  complex 
- 
and w i l l  no t  be g iven here due t o  the  length .  I n  Appendix A  i s  d e t a i l e d  
the ana lys is  and s u b s t i t u t i o n  approach used t o  compute the  p a r t i a l  
de r i va t i ves  i n  A(X), - and an Addendum i s  a v a i l a b l e  l i s t i n g  a l l  t he  p a r t i a l  
de r i va t i ves .  The form, however, i s  s t ra igh t fo rward  and i s  g iven below 
m(k + 1, k )  = ( I  + A 5) 2 
A t  = propogation t ime 
S im i la r  t o  the  dynamics i n  (111-3) there  i s  a  s e t  of measurement 
observat ion equations t o  be considered. These a re  o f  the  form 
where 
Z(k) i s  the  actual  measurement a t  t ime k 
- 
h(X) i s  the  nonl inear vector r e l a t i o n s h i p  between the  s t a t e  
- - 
vector  J- and t h e  observation. It i s  assumed there  a r e  no 
dynamics involved i n  t h i s  operat ion. 
Equation (111-11 ) can be expanded i n  a Taylor  ser ies  and be placed i n  
the  form 
where 
H(k + 1 )  i s  t h e  l i n e a r i z e d  Jacobian-type mat r i x  o f  p a r t i a l  
de r i va t i ves  
v (k  + 1 ) represents the  random round-of f  e f f e c t  p lus  general 
.- 
noise i n  the  actual  measurement process. 
The ac tua l  form of H depends on whether the Tug i s  i n  the  burn o r  coast 
mode. D e t a i l s  on the measurement process are covered i n  Chapter I V .  
Using (111-9) and (111-12), a basic l i n e a r  s t a t e  es t imat ion  process 
can be formulated C11, 121 as fo1 lows: 
where the  re fers  t o  estimated informat ion 
Measurement: 
Z(k  + 1 )  = L ( k )  + HX(k + 1 )  + "(k + 1 )  
- - 
Estimated measurement: 
Measurement residual  : 
S t a t e  covariance matr ix  one-step propogatiort: 
where 
i = x ( k )  - "k/k)  
- - (111-19) 
Q ( k )  = E {l(k) n-(klT) process noise covariance (111-20) 
matr ix  
S t a t e  estimator measurement weighting matr ix:  
~ ( k  + 1 )  = ~ ( k  + I / ~ ) H ~ [ H P ( ~  + I / ~ ) H ~  + ~ ( k  + I ) ] "  (111-21.) 
where 
R(k + 1 )  = E { v ( k  + 1 )  ~ ( k  + 1 )  measurement e r r o r  ( I  11-22) 
covariance matr ix  
F i l t e r e d  s t a t e  covariance mat r ix :  
P(k + l / k  + 1)  = [I - K(k + 1)h]P(k + l / k )  (111-23) 
t 
These f i l t e r  equations are  then i t e r a t e d  along w i t h  t h e  process dynamics 
so as t o  ob ta i t i  an on - l i ne  opt imal est imate o f  t he  s ta tes  f o r  t h e  guidance 
law and t h e  drag and g r a v i t y  models. The o v e r a l l  equations of f l  i g h t  
a re  s i m i l a r  t o  those i n  [13] .  
B. S i m p l i f i c a t i o n s  o f  P a r t i a l  De r i va t i ve  Computations 
O f  considerable i n t e r e s t  w i t h  the  development o f  GSP i s  the reduct ion  
o f  computation burden imposed upon the  implementable nav iga t ion  system. 
I n  p a r t i c u l a r ,  the  l a r g e  number o f  in termediate ca l cu la t i ons  requ i red  
fo r  the  p a r t i a l  de r i va t i ves  i n  @ ( k  + 1, k )  and H(k + 1 )  suggest some s o r t  
o f  s e n s i t i v i t y  and/ar s imu la t ion  analys is .  Upon o r i g i n a l  complet ion o f  
the  IGM and measurement p a r t i a l s ,  a  study was undertaken t o  determine 
which computations could be e a s i l y  e l im ina ted w i thout  no t iceab le  degrada- 
t i o n  i n  t r a c k i n g  accuracy. F i r s t ,  a  number o f  t he  f i n a l  parameter c a l -  
cu la t i ons  i n  IGM such as K1-K4 were s e t  t o  zero. Resul ts  were very good 
i n  t h a t  very  1  i t t l e  no t iceab le  degradat ion o f  t r a c k i n g  accuracy resu l ted .  
A number o f  o ther  terms were inves t iga ted  but  most proved t o  be too  
s e n s i t i v e  when widely  vary ing mission p r o f i l e s  were considered. P a r t i a l s  
zear zhe end o f  I G M  a re  the ones which i t  i s  desi red t o  e l im ina te ,  f o r  
by e l  i m i n a t i  ng them, many in termediate computat ior ,~ (of which there  a r e  
many) can be avoided. 
A d e t a i l e d  i n v e s t i g a t i o n  o f  t h i s  area o f  study i s  repor ted i n  
Chapter V .  The importance o f  t h i s  work i s  great ,  f o r  i t  i s  o n l y  i f  a  
simp1 i f i e d  se t  o f  ca l cu la t i ons  r e q u i r i n g  a minimum amount of storage a r e  
a v a i l a b l e  and can be processed i n  " rea l  t ime" ( w i t h  respect  t o  guidance 
c a l c u l a t i o n s )  t h a t  a p r a c t i c a l  nav iga t ion  package can be used on-board 
w i t h  the  Space Tug. 
C .  Simulator F l i g h t  Modes 
F igure  111-1 represents the  concept o f  the  p o s i t i o n  t rack ing  e r r o r s  
dur ing  the  burn phase of the  f l i g h t .  Ta and Te correspond t o  the  ac tua l  
t r a j e c t o r y  o f  t he  f l i g h t  and the  est imated t r a j e c t o r y  o f  t he  f l i g h t  
respect ive ly ,  whi 1 e Td represents a desi red o r  nominal t r a j e c t o r y  from 
de te rm in i s t i c  considerat ions. This  nominal t r a j e c t o r y  was obtained by 
us ing p e r f e c t  data i n  the  s imu la t ion  model. Ta and Te a re  both corrupted 
by noise due t o  inherent  inaccuracies i n  the measurement system and 
propagation ca l cu la t i ons .  Also note t h a t  w h i l e  Ta and Td o r i g i n a t e  a t  
the  same po in t ,  Te i s  i n i t i a l l y  o f f se t  t o  represent  the  incomplete 
knowledge o f  the  i n i t i a l  s t a t e  vec tor  value. 
During the i n i t i a l  phase o f  the burn, Te and Ta tracked the  nominal 
t r a j e c t o r y  w h i l e  s tay ing  r e l a t i v e l y  c lose  t o  one another. Te and Ta 
remaining c lose  r e s u l t s  i n  a small normed p o s i t i o n  er ror ,  g iven by 
Equation (111-24) i s  noted t o  be t ime 
I I K ( ~ I ) I  I. = J [ x e ( t )  - x a ( t ) 1 2  + [ Y e w  - y a ( t ) i Z  
t o  be zero owing t o  the  f l u c t u a t i n g  nature 
2 I 
+ [ Z e ( t )  - Z a ( t ) l  
v a r i a n t  and i s  never expected 
(111-24) 
t = t '  
o f  Te and Ta as the  f l i g h t  
where t '  i s  any i n s t a n t  o f  t illfe. 
progresses i n  time. The actual s ta te  pos i t i on  vector, [Xa( t ) ,  Ya(t),  
Za( t ) ] ,  and the estimated s ta te  pos i t i on  vector, [Xe(t) ,  Ye(t),  Ze( t ) ] ,  
are both i n  ECLC. 
Figure 111-1 also shows the desired, actual,  and estimated in tercept  
points, A, B, and C respectively, a f t e r  the burn phase, evaluated a t  
t = tend burn' Note t ha t  even though the normed e r ro r  i s  "small", t h i s  
does no t  guarantee t ha t  the actual i n te rcep t  point ,  B, i s  close t o  the 
desired in tercept  point,  A. However, t h i s  e r ro r  i s  the only information 
avai lable during an actual f l i g h t .  For t h i s  reason, the f l i g h t  i s  broken 
down t o  three "burn-coast" phases i n  order t o  minimize the e r ro r  between 
the desired end po in t  and the actual end po in t .  
Since the desired goal i s  not t o  fo l l ow the desired t r a j ec to r y  
exactly, but t o  reach the terminal po in t  w i th  minimum fue l  cost, i t  i s  
i n t u i t i v e  t ha t  one should try t o  keep the normed e r ro r  "small" and there- 
fo re  keep the terminal e r ro r  between A and B small. 
Diagnostic Case - Perfect Data 
- - - - Actual F l  igh t  States; Noisy 
-- -Estimated F l igh t  States; Noisy 
Offset  
Figure I - 1  FLIGHT PROBLEM UNDER STUDY 
I V .  MEASUREMENT SYSTEM 
I n  t h i s  chapter i s  presented the  d e t a i l s  and de r i va t i ons  o f  t h e  
observat ion system used a t  present f o r  t h e  on-board i n e r t i a l  guidance 
system f o r  the  Space Tug. The development o f  t h e  measurement equations 
r e l a t i n g  t h e  s ta tes  t o  t h e  actual  measurements a re  presented, along w i t h  
the  appropr iate p a r t i a l  d e r i v a t i v e  ca l cu la t i ons  f o r  t he  development o f  
A. Development of Observation Equations 
As i n  a l l  Kalman f i l t e r i n g  schemes, there must be a t  l e a s t  one 
measurement taken for  implementation i n  the  f i l t e r .  These measurements, 
wh i le  they may no t  be ac tua l  states, should be ab le  t o  be manipulated 
t o  y i e l d  s t a t e  information, and they must be causa l ly  r e l a t e d  t o  t h e  
states. How many and what k ind o f  measurements t o  be taken plays an 
i n t e g r a l  p a r t  of any s ta te  est imat ion program. 
Actua l ly ,  t he  measurements a re  not  used i n  t h e i r  raw form but  r a t h e r  
are used t o  make up the "measurement res idua l " .  I n  equation form, 
-. 
where - Z = measurement res idua l  
Z = ac tua l  measurements 
- 
A 
Z = predicted measurements 
- 
The development o f  t he  predicted measurements, which para1 1 e l  s c l o s e l y  
t h a t  o f  t h e  actual  measurements w i l l  be discussed l a t e r .  
The measurement system can best  be discussed i f  d i v ided  i n t o  two 
areas, (1 ) the  burn and (2) the  coast phases o f  the  f l i g h t .  Each 
makes use o f  d i f f e r e n t  numbers and types o f  measurements. 
During t h e  burn, strapdown accelerometers are  used t o  ob ta in  the  
ac tua l  measurements. These devices measure acce lera t ions  along the  
th ree  p r i n c i p a l  axes of t he  tug  centered coordinate system. The 
governing equations are: 
.. .. .. 
where Xx, XY, X = acceleration's along t h e  th ree p r i n c i p a l  axes o f  t h e  
t u g  centered system 
, y , y, = noise 
Yx Y 
Before being used, these measurements must be transformed i n t o  Ear th  
Centered Launch Coordinates. A desc r ip t i on  o f  t h e  d i f f e r e n t  coordinate 
systsms and the  r o t a t i o n s  required between them w i l l  be given i n  the  
d iscussion o f  t he  coast phase measurement scheme. 
As i s  o f t e n  the case, the  states are  not  measurgi d i r e c t l y .  There- 
&+' 
fore,  they must be reconstructed from the a v a i l a b l e  measurements, i .e. -\ 
t h e  measurement must be transformed i n t o  the  t a t e  estimate. During t h e  \ 
burn, t h e  s t a t e  estimates are  obtained by i n t e g r a t i n g  each'accel erometer 
measurement. r L 
4 
'% 
where hVAIL = avai  1 able v e l o c i t y  measurement 
 AIL = a v a i l a b l e  p o s i t i o n  measurement 
* 
_kO, & = a v a i l a b l e  i n i t i a l  cond i t i on  est imates 
Since the  i n t e g r a t i o n  y i e l d s  on l y  zhe incremental change i n  t h e  
s t a t e  value, the  i n i t i a l  condi t ions,  and &, must be added. This  i n  
-0 
i t s e l f  presents a problem as on ly  t he  est imates f o r  these q u a n t i t i e s  
are ava i lab le .  
The dependence on previous est imates i n  t he  cu r ren t  measurements i s  
a t o t a l l y  undesirable s i t u a t i o n  t h a t  f o r  t he  moment must be to le ra ted .  
i It i n  f a c t  v i o l a t e s  the  Kalman f i l t e r  assumption t h a t  t he  measurements 
must be independent o f  one another. A f u r t h e r  d iscussion o f  the  problem 
o f  these i n d i r e c t  measurements w i l l  be given' a t  the  end o f  t h i s  chapter. 
Because the  accel erometers no longer g i ve  usefu l  in format ion,  the  
coast phase must make use o f  a completely d i f f e r e n t  measurement scheme. 
h 
Instead o'f s t a t e  measurements, o n l y  i n d i r e c t  p o s i t i o n a l  data can be 
obtained us ing devices t o  measure angles between the  tug  and var ious 
reference po in t s .  The basic geometry o f  t he  coast  measurements i s  shown 
i n  F igure  IV-1, where ST, R+T, and R+B are  measured i n  s t a r  t racke r  
- II 
coordinates [14] .  
-% 
The des i red  vector  i n  the  co l? f i gu ra t i on  i s  $B. 
- 
To f i n d  it, however, 
w i l l  r e q u i r e  some knowledge o f  a l l  t h ree  vectors. 
.-, 
SUN 
Figure I V - 1 .  C E L E S T I A L  GEOMETRY 
Even though a1 1 o f  t h e  measurements a re  taken i n  the  same coordinates, 
they must be transformed t o  Ear th Centered Launch Coordinates t o  be used 
i n  the  f i l t e r .  This  i s  accomplished by a ser ies  o f  coord inate r o t a t i o n s .  
There are  f o u r  basic  r o t a t i o n s  needed t o  t ransform the in fo rmat ion  
i n  successive stages between the  f i v e  coordinate systems used. I n  
add i t ion ,  a l l  bu t  one w i l l  be t ime-varying. The f i r s t  coord inate system 
i s  the  one i n  which the  measurements are a c t u a l l y  taken, the  s t a r -  
t racker  coordinates [15, 161. The second coordinate system i s  centered 
a t  the  p la t fo rm upon which the measurement devices a r e  mounted. As the  
veh ic le  f l i e s ,  t he  measurement devices must be ab le  t o  move t o  remain 
sighted on the proper ob jec t .  Since the p la t fo rm i s  i n  a f i x e d  pos i t i on ,  
t h i s  r o t a t i o n  w i l l  be t ime-varying. Next comes a f i x e d  r o t a t i o n  from 
the p la t fo rm t o  a tug centered system. The three axes o f  t h i s  system 
coinc ide w i t h  the  th ree  p r i n c i p a l  axes o f  t h e  tug. This  r o t a t i o n  accounts 
f o r  t h e  f a c t  t h a t  the  axes o f  t he  p la t fo rm system a r e  not  a l igned w i t h  
those o f  t h e  tug  centered system. From there, the  measurements must 
be r o t a t e d  through the ~ u l e r  angles, Y, e, and +, t o  an ea r th  centered 
i n e r t i a l  system. The f i n a l  r o t a t i o n  puts the  measurements i n t o  Ear th 
i' 
Centered Launch Coordinates (ECLC) [17, 181. I n  t h i s  coord inate system 
X po in t s  along the  negat ive g r a v i t y  vector  a t  the launch size, Z p o i n t s  
downrange, and Y completes 'the right-handed, Cartesian set .  
The r o t a t i o n s  can be lumped together  i n t o  the  f o l l o w i n g  matr ices: 
L~~~~ KER = [a]! B I  [ R I  [ A U S  ( I V - 5 )  
SYSTEM 
7 
where a = measurement device t o  p la t fo rm r o t a t i o n  
= p lat form t o  tug  centered r o t a t i o n  
R = tug centered t o  i n e r t i a l  ea r th  r o t a t i o n  (conta ins the  Euler 
angl es ) 
A = i n e r t i a l  ea r th  t o  ECLC r o t a t i o n  
For t h e  problem a t  present, the measurement system w i l l  cons i s t  c f  
r i g i d l y  mounted devices whose reference axes co inc ide  w i t h  those of the  
tug  centered system. Thus, t h e  firht two r o t a t i o n s  a r e  no longer required, 
and a and B become i d e n t i t y  matr ices.  
The r o t a t i o n  t o  the  i n e r t i a l  ea r th  frame i s  r e a l l y  t h ree  separate 
r o t a t i o n s  i nvo l v ing  the  th ree  coordinate axes. For purposes o f  t h i s  
study, i t  w i l l  be assumed t h a t  a 2-3-1 r o t a t i o n  sequence should be used. 
The matr ices needed t o  ca r r y  o u t  the r o t a t i o n s  a r e  g iven below. 
A 2-3-1 r o t a t i o n  requires t ha t  the matrices be mu l t i p l i ed  i n  reverse 
order, i.e., 1-3-2. Performing the indicated m u l t i p l i c a t i o n  y i e l ds  the 
fo l lowing matr ix  
COS Y 
-cos 4  s i n  Y cos e + s i n  4 s i n  Y 
s i n  Y cos e s i n  4  + cos 4 s i n  e 
s i n  Y 
cos I$ cos Y 
- s i n  4  cos Y 
- s in  e cos Y 
cos 41 s i n  Y s i n  e + s i n  I$ cos e I ( IV-9) - s in  I$ s i n  Y s i n  o + cos @ cos e 
The f i n a l  r o t a t i o n  t o  Earth Centered Launch Coordinates i s  car r ied 
L. 
out through the e levat ion angle, (L, and the azimuth angle, AZ, as shown 
i n  Figure IV-2. The two ro ta t i on  matrices required are shown below 
s i n  4  L 
cos 4L 
0 
Mu l t ip l y ing  the matrices i n  the order shown y ie lds  the proper matr ix  
denoted by A i n  ( IV-5)  
Figure IV-2.  DEFINITION OF ( L  AND Az 
I cos OL s in +L s in  A, ' -s in (L cos Az A = -s in  (L cos lL sin A, -cos (L cos Az 1 
sin  A, J 
Premul t ip ly ing  (IV-12) by (IV-9) y ie lds  the t o t a l  rotat ion matrix, T 1  

82 
1  Having defined T  , (IV-5) can be rewr i t t en  
From Figure (IV-1 ), i t  can be seen t ha t  
ST = %T - %B 
Wr i t i ng  ST i n  i t s  major components y i e l d s  
A A 
where I, J, k are the u n i t  vectors o f  the s t a r  t racker  system. 
These u n i t  vectors are re la ted t o  the Earth Centered Launch 
Coordinates by the transformation described above. I n  equation form 
where ?, j, are the u n i t  vectors i n  ECLC . 
By using the re la t ionsh ip  i n  1 - 1 7  the elements o f  ST can 
fu r the r  be expanded as 
where the t i j 1s  are elements o f  the transformatiLon mat r ix  T  1  
Z are the components o f  %T 
' E T ~  Y ~ ~ s  ET 
XEB, YEB9 ZEB are the components of $B 
The c a l c u l a t i o n  of XET, YET, and ZET, t h e  ea r th  t o  sun coordinates, 
w i l l  be shown l a t e r  a f t e r  a d iscussion o f  t h e  measurement hardware. 
The th ree  measurement devices used dur ing  the  coast  a re  the  hor izon 
sensor, t h e  s t a r  t racker ,  and the  sun seeker. Each device cont r ibu tes  
a t  l e a s t  one non-redundant angle measurement t o  be used t o  compute a 
p o s i t i o n  f i x .  
The hor izon sensor measurement i s  shown i n  Figure 1-2. 
Def in ing  Z3 = csc 4 y i e l d s  
where 
re 
= radius o f  t h e  ea r th  
Since re i s  known, by measuring 4,  R can be computed. Thus the  
horizon sensor i s  used main ly  t o  ob ta in  a rad ius  f i x .  
The sun seeker and s t a r  t racker  provide e s s e n t i a l l y  the  same angle 
measurements. The o n l y  d i f ference i s  t h e  actual  ob jec t  sighted upon, 
e i t h e r  the  sun o r  a s ta r .  The data i s  manipulated i n  the  same way, 
i.e., t h e  same transformations are used. Only the  sun seeker w i l l  be 
3 
shown here. 
The sun seeker provides the add i t i ona l  two angles, e leva t ion  and 
azin:uth, necessary t o  reconstruct  t he  p o s i t i o n  vector i n  the  f i l t e r .  I?, 
Together w i t h  the  angle measurement from the horizon sensor, they make 
up the measurement vector.  The angles t h a t  a re  measured are  shown i n  
- 
F igure 1-3, where a i s  the  azimuth angle and B i s  the  e leva t ion  angle. 
y i e l d s  
I n  sumnary, t h e  measurement vec tor  du r ing  the  burn i s  
and dur ing  the  coast  i t  i s  
Z (k  + 1 )  = [cos a cos 4 csc $1 T 
It should be remembered t h a t  t h e  measurement vector  i s  no t  composed 
of the  ac tua l  hardware measurements but,  ra the r ,  q u a n t i t i e s  der ived from 
them i n  a manner p rev ious ly  discussed. To review, t h e  ac tua l  measure- 
ments dur ing  the  burn are  acce lera t ions  wh i l e  dur ing  the  coast  they 
are  the  angles themselves and not  t h e  t r igonomet r ic  func t ions  o f  them. 
Returning now t o  the  previous discussion, t h e  components of the  
ea r th  t o  sun vector,  ST, are  generated by us ing  Kep ler 's  equat ion 
n ( t  - T) = E - e s i n  E ( I V - 2 7 )  
where n = mean d a i l y  motion o f  t h e  ea r th  
E = eccent r ic  anomaly 
I (* 
e = e c c e n t r i c i t y  
T = t ime of per icenter  passage 
t = running t ime va r iab le  
An examination of equations (IV-18)-(IV-20) w i l l  show t h a t  t h e  
measurements are  now i n  terms o f  t he  desi red states, XEBy YEB9 and ZEBy 
w i t h  o n l y  those states as unknowns. Th is  i s  the  desi red con f igu ra t i on  
f o r  use i n  t h e  f i l t e r .  
An expression fo r  t h e  predicted measurement, which was mentioned 
a t  the  outse t  of t h i s  sect ion, can now be obtained. This predicted 
measurement i s ,  as one would th ink ,  t he  value of the meas2rement a t  t ime 
k  + 1 based on the  pred ic ted s t a t e  a t  t ime k + 1 g?!~en data through t ime 
k. I n  equation form, 
Z(k + l / k )  = predicted measurement where - -. 
i ( k  + l / k )  = predicted s t a t e  a t  t ime k  + 1  based on data through 
t ime k  
E&(k + I ) ]  = expected value o f  t he  measurement noise (assumed 
t o  be 0) 
I n  t h i s  sect ion the  measurement equation approach o f  the  l a s t  
sec t ion  i s  used t o  develop the  measurement matr ix ,  H, which i s  requ i red  
i n  the  s t a t e  est imat ion process. The d e t a i l e d  p a r t i a l  d e r i v a t i v e  
computations are  f u l l y  explained so t h a t  a  c lea r  understanding o f  the  
approach u t i l i z e d  may be obtained. 1 
H i k  + 1 )  i s  the ma t r i x  t h a t  r e l a t e s  the  measurements t o  the  states,  
.-- 
i .e . ,  i t transforms the  s t a t e  vector  i n t o  a  se t  o f  me~surements. It i s  
of dimension m x n where m i s  the  number o f  measurements and n i s  the  
number of states. 
The de r i va t i on  of t h e  H(k + 1 )  ma t r i x  can now be shown i n  l i g h t  of 
the recent  i n s i g h t  i n t o  t h e  measurement system's operat ion.  During the  
burn phase, the  c a l c u l a t i o n  of H(k + 1 ) i s  a simple matter .  Since t h e  
elements o f  the  measurement vector a re  states,  t he  pred ic ted measurement 
vector must a l so  be the  predicted states.  Therefore, i ( k  + l / k )  equals 
i ( k  + l / k )  and from equation (IV-28), H(k + 1 )  must be the  i d e n t i t y  ma t r i x  
During the coast, however, the  c a l c u l a t i o n  o f  H(k + 1 )  i s  not  so 
d i r e c t .  The measurement vector  i n  t h % $  case C O ~ J S ~ S ~ S  05 the w s i n e s  o r  
cosecants o f  the  angles s ighted by t h ~  hor izon sensor and sun seeker ( s t a r  
t racke r ) .  Some means must be found t o  t r a n s f e r  the  predicted s ta tes  i n t o  
the  se t  of predicted measurements. 
The f i r s t  step i s  t o  r e c a l l  t h e  f a c t  t h a t  given equations (IV-18)- 9 
(IV-20) and using Kepler 's  equation t o  generate XET, YET, and ZET, t h e  
measurements are  now i n  terms o f  t he  s ta tes  w i t h  on ly  those s ta tes  as 
unknowns. One approximation f o r  t h e  predictad measurements can be obtained 




where H.O.T. are  the second and higher order terms hereafter neglected 
as ins igni f icant  
i ( k )  = predicted measurement a t  time k 
- 
Thus, the predicted measurement w i l l  be o f  the form 
Relating (IV-28) t o  (IV-30), i t  can be seen that  
Performing the indicated p a r t i a l  derivatives on ( I - 2  ) ( Iv -23) ,  and 
(IV-24) y ie lds  

Putting ( IV-33) over a common denominator 
a X ~ ~  
- = -tl 1 ax 
a Y ~ ~  
- -  
ax  - -t21 
Subs t i t u t i ng  (IV-45) and (IV-46) i n t o  (IV-44) 
2 
aZi - X~~ Y~~ t21 - Y~~ tii 




( X ~ ~  + Y~~ 
2)3/2 
Using the same manipulations (IV-34) and (IV-35) can be w r i t t e n  
2 a X ~ ~  a Y ~ ~  
azi _ Y~~ T - 
- -  
X~~ Y~~ a~ 
aZ ( IV-49) 2 
( X ~ ~  + Y~~ 
2 )3/2 
From (IV-18) and (IV-19) 
a X ~ ~  
- -  
aY - 3 2  (IV-50) 
a 'BT 
- = -t13 a Z (IV-51) 
a Y ~ ~  - 
- -  
-t22 ' (IV-52) aY 
Subst i tut ing (IV-50)-( IV-53) i n to  (IV-48) and (IV-49) 
r) 
Put t ing  (IV-36) over a comnon denominator 
Expanding the  numerator and cancel 1 i ng terms 
Combining (IV-56) and (IV-57) 
From (IV-20) 
Combining (IV-45), (IV-46), (IV-58), and (IV-59) yie lds 
By analagous reasoning (IV-37) and (IV-38) can be wr i t ten 
Subs t i t u t i ng  (IV-50)- (Iv-53), (IV-63), (IV-64) i n t o  (IV-61) and 
(IV-62) 
A l l  o f  t h e  p a r t i a l  de r i va t i ves  t h a t  a r e  necessary t o  implement 
H(k + 1)  i n  t h e  f i l t e r  have now been derived. 
Expanding equation (IV-32) 
An examination o f  t h e  H(k + 1 )  matr ix ,  o r  the  p a r t i a l  der iva t ives ,  
w i l l  reveal a  problem pecu l i a r  t o  t h e  coast phase. A l l  t he  p a r t i a l  
de r i va t i ves  w i t h  respect t o  t h e  v e l o c i t i e s  a re  zero, i n d i c a t i n g  t h a t  
the  measurements have y ie lded  no v e l o c i t y  in format ion.  I n  o ther  words, 
no v e l o c i t y  measurements, e i t h e r  d i r e c t  o r  i n d i r e c t ,  have been taken. 
Thus, the accuracy of the ve loc i t i es  r e l y  so le ly  on the accuracy o f  the 
p a r t i a l  der ivat ives from the dynamics. 
The concept o f  d i r e c t  and i n d i r e c t  measurements, which was mentioned 
b r i e f l y  i n  the preceeding paragraphs, deserves some consideration. 
Actual ly  the concept i s  self-explanatory; i t  i s  i t s  e f f e c t  on the s ta te  
estimator t ha t  i s  o f  i n t e res t  here. A d i r e c t  measurement i s  one i n  
which the measurements are d i r e c t l y  re la ted t o  the actual states. A 
s ing le  transformation matr ix  would a t  most be required t o  transform the 
data i n t o  a usable form f o r  the f i l t e r .  An i n d i r e c t  measurement means 
tha t  no such d i r e c t  s ta te  information i s  avai lable.  The value o f  the 
s ta te  measurements must be in fe r red  from a combination o f  the present 
measurements, past measurements, and an i n i t i a l  estimate. An examination 
o f  equations (IV-3), (IV-4), and (IV-16) shows that ,  because o f  the 
i n i t i a l  condit ions contained therein, a1 1 o f  the measurements are 
i nd i r ec t  ones. 
The e f f e c t  o f  i n d i r e c t  measurement on the normed e r ro r  can be seen 
without much d i f f i c u l t y .  If a t  the s t a r t  o f  a cycle, e i t he r  burn o r  
coast, the i n i t i a l  condit ions are i n  error ,  then the predicted and actual 
measurement w i  11 a1 so be wrong by a t  l e a s t  the amount o f  e r ro r  i n  the 
i n i t i a l  condit ions. O f  course, any er rors  introduced by the measurement 
system i t s e l f  w i l l  only add t o  the overa l l  e r ror .  Since the i n i t i a l  
condit ions for  the ( k  + measurements are the measurements a t  time 
k ,  each measurement w i l l  contain the i n i t i a l  er ror .  Thus, under these 
C. System Observabil i ty  
Having designed t h e  measurement system, the re  must be an assurance 
t h a t  t h i s  system w i l l  be o f  use. This assurance comes from consider ing 
the  o b s e r v a b i l i t y  of t he  system, t h a t  i s ,  whether o r  no t  t h e  desi red 
s ta tes  can be i n f e r r e d  by observing the  output  of t h e  system. A 
necessary aqd s u f f i c i e n t  cond i t i on  for  t he  system t o  be observable i s  t h a t  
the  n x mn m a t r i x  
has rank n. 
I n  equation (IV-68) 
n = order of the  system (6) 
H = observat ion ma t r i x  def ined i n  t h i s  sec t ion  
F = s t a t e  t r a n s i t i o n  ma t r i x  def ined i n  Chapter I 1  
Performing the  ind ica ted m u l t i p l i c a t i o n  f o r  t h e  H mat r i x  used 
dur ing  t h e  burn w i l l  y i e l d  a 6 x 36 mat r ix .  To see i f  i t s  rank i s  the  
necessary 6, i t  i s  pos tmu l t i p l i ed  by i t s  transpose and the  determinant o f  
the  r e s u l t i n g  6 x 6 ma t r i x  i s  found. For the  system t o  be observable, 
t h i s  determinant must be non-zero. The procedure f o r  t h e  coast phase i s  
e s s e n t i a l l y  t he  same w i t h  t h e  exception t h a t  appl i c a t i o n  o f  (IV-68) w i l l  
ySeld a 6 x 18 mat r ix .  The r e s u l t s  o f  t h i s  t e s t  showed tha t ,  f o r  both 
phases, the  determinant i s  non-zero and thus the  system i s  observable. 
Simply because the  system i s  observable a t  one p o i n t  i n  the  f l i g h t  
does no t  mean t h a t  i t  w i l l  always be so. Th is  i s  due t o  the  t ime-varying 
nature o f  both the  F and H matr ices. Therefore, t h e  o b s e r v a b i l i t y  
cond i t i on  must be checked a t  each s t a t e  update. Thus f a r ,  no problem 
w i t h  a non-observable system has been encountered a t  any stage o f  t h e  
f l i g h t .  
D. Propagation Time Considerations 
The e f f e c t  o f  AT, t h e  propagation time, on t h e  measurement systcm 
w i l l  be the  f i n a l  t o p i c  considered i n  t h i s  sect ion.  The value o f  AT 
dur ing  the  coast  i s  n o t  a very c r i t i c a l  f a c t o r  because o f  the  s lowly  
vary ing nature o f  the  measurements. The e f f e c t  dur ing  the  burn, however, 
wh i le  a r i s i n g  due t o  a ra the r  sub t le  reason, i s  much more marked. 
The reason l i e s  i n  t h e  measurement devices themselves. The 
accelerometers measure on-board acce lera t ions  only, those provided by the  
engine. The acce lera t ion  due t o  g rav i t y ,  which i s  a funct ion on ly  o f  
pos i t ion ,  must be added. As w i l l  be r e c a l l e d  from t h e  chapter dea l ing  
w i t h  t h e  veh ic le  dynamics, the  accuracy o f  the  value obtained from the  
g r a v i t y  model i s  a d i r e c t  f unc t i on  o f  t h e  propagation time. Thus the  
proper choice o f  AT i s  necessary t o  achieve accurate measurement r e s u l t s .  
L .  Other Measurement Techniques .- 
The burn and coast measurement combinations a re  not  t h e  on ly  ones 
poss ib le  o r  even contemplated. Some o f  t h e  other  p o s s i b i l i t i e s  inc lude 
e lec t ron  beam imagers [191, landmark t rack ing  [20], t r ack ing  and data 
r e l a y  sate1 1 i t e  system (TDRSS) [21] among others. Each requ i res  accuracy, 
cost,  and r e l i a b i l i t y  t rade-of fs  as we l l  as depending on the  type o f  
miss ion (low earth, geosynch, e tc .  ). The accelerometers-only dur ing  burn 
and hor izon sensor-sun seeker dur ing  coast  a re  reasonable combinations, 
however. 
V .  FLIGHT SIMULATION ANALYSIS AND RESULTS 
I n  t h i s  chapter actual s imulat ion r esu l t s  and an analysis o f  them 
are suppl ied i n  order t o  y i e l d  an i nd i ca t i on  o f  what type of overa l l  
response-tracking character is t ics  could be expected t o  be encountered. 
I n  most cases data i s  supplied i n  terms o f  lumped pos i t i on  and ve l oc i t y  
resu l t s  w i t h  one ax is  of e i t he r  x and A ,  y and 9,  o r  z and i also included. 
It should be kept i n  mind t ha t  even though one ax is  (x, y, o r  z )  may 
exh ib i t  favorable response, the ottrer. axes may not  and t h i s  i s  the purpose 
o f  the lumped pos i t i on  and ve loc i t y  t rack ing resu l t s .  
A. Basic Mission Descr ipt ion 
The primary mission f o r  the Space Tug i s  given i n  Chapter I. This 
mission p r o f i l e  was chosen as a base mission f o r  the pro jec t .  I n  the 
studies which fo l l ow i n  t h i s  chapter the f i r s t  burn and f i r s t  coast 
phases o f  the Space Tug's maneuver from low ear th  t o  geosynchronous o r b i t  
are investigated. It was decided t ha t  these two phases of f l i g h t  would 
cause the most d i f f i c u l t y  f o r  the est imat ion scheme and o ther  burns and 
coasts would be an extension o f  the f i r s t .  
B. F i l t e r  Checkout 
The l og i ca l  f i r s t  stage i n  checking the e n t i r e  s imulat ion program was 
a ve r i f i ca t i on  of the operat ion o f  the f i l t e r  i t s e l f .  This checkout was 
funct ioning 
hat  the simulator was accomplished i n  three steps i n  order t o  v e r i f y  t
i  properly. 
The f i r s t  o f  these t e s t s  was a de te rm in i s t i c  one i n  which ac tua l  
(per fec t )  s t a t e  in format ion  was made a v a i l a b l e  as measurement data. I n  
add i t i on  t o  the  p e r f e c t  measurements, the  i n i t i a l  estimated s ta tes  were 
made equal t o  the  actual  ones. 
Next, o f f s e t s  were added t o  the  i n i t i a l  s ta tes  b u t  the  measurements 
were kept  pe r fec t .  This was t o  take i n t o  account t h e  p r a c t i c a l  probiem 
of i n i t i a l  s t a t e  indeterminacy. F ina l l y ,  noise was added along w i t h  
the i n i t i a l  o f f s e t s  t o  simulate the  combined e f f e c t  o f  system noise and 
measurement e r ro rs .  The noise was computed dur ing each cyc le  by using 
a pseudo-random number generator w i t h  mean o f  zero and standard dev ia t i on  
(a) a percentage s f  the  actual  s tates.  By using the  actual  s ta tes  as 
measurements, t he  problem o f  i n i t i a l  e r r o r  propagation discussed i n  
Chapter I V  i n  associat ion w i t h  i n d i r e c t  measurements was avoided. Th is  
i s  no t  t h e  method t o  be used i n  the f i n a l  program, b u t  su f f i ces  t o  check 
the f i l t e r  by assessing i t s  s e n s i t i v i t y  t o  noise. The va r iab le  standard 
dev ia t ion  al lows some parametric data t o  be gathered regarding the  
amount o f  noise t o l e r a b l e  i n  the system i n  order t o  meet design speci f ica-  
t ions .  
The r e s u l t s  o f  these t e s t s  are shown i n  Figure V-1 through V-3. Each 
f igure  contains p l o t s  t o  show the r e s u l t s  o f  each t e s t  cn the normed 
p o s i t i o n  and v e l o c i t y  e r rors .  These e r r o r  norms were ca lcu la ted by using 
the equations below 
where Xe and i e  are  the  normed p o s i t i o n  and v e l o c i t y  e r r o r s  respec t i ve l y  
X, Y, Z, i, f, i! are  the  ac tua l  s ta tes  
- . .  
n r ~  
, F, i, X, Y, Z are  the  estimated s ta tes  
I n  add i t ion ,  each run was performed w i t h  a  propagation t ime ( ~ t )  o f  
two seconds, and P, Q ?  and R matr ices d e f i t x d  as fo l lows:  
R = 
- 
10 0 0  0  0  
0 10 0  0  0  
O Q 10 +J 0 ( V - 5 )  
0 0 0  70 0  0  
0 0  0  0  10 0  
- 0 0  0 0  0 10 :I1 
The r e s u l t s  f o r  the de te rm in i s t i c  run showed t h a t  both the  normed 
p o s i t i o n  and vel  o c i  ty e r r o r s  remained very near ly  zero throughout the  





Adding an i n i t i a l  e r ro r  t o  the estimsted states resul ted i n  Figure V-1 . 
These t es t s  show tha t  the f i l t e r  converged regardless o f  the magnitude 
o f  the o f f se ts .  The offset had been f i l t e r e d  out  a f t e r  one, o r  a t  
the most two, cycles. 
The resu l t s  o f  adding noise t o  the measurements and er rors  t o  the 
i n i t i a l  s t a te  estimate are shown i n  Figures V-2 and V-3. The various 
curves represent d i f f e r e n t  values o f  the standard deviat ion o f  the noise 
ranging from .01% o f  the actual states i n  (a)  t o  .3% i n  (d) .  Once 
again, the amount of o f f se t  was not a c r i t i c a l  f a c t ~ r .  From these 
curves i t  appears t ha t  a noise o f  up t o  .l% can be to lera ted and s t i l l  
f u l f i l l  the design requirements. 
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F igure  V - 1 .  NORMED POSITION AND VELOCITY ERRORS 
FOR RUN WITH IN IT IAL  OFFSETS AND NO NOISE. 


C. Accuracy o f  a(k+l,  k )  Propaqation 
F igure  V-4 shows p o s i t i o n  and v e l o c i t y  e r r o r  norms du r ing  the  f i r s t  
burn phase. These e r r o r  norms are  based on the d i f f e r e n c e  between the 
actual  and the  estimated s t a t e  vector  and ca lcu la ted  by (V-1 ) and (V-2). 
The ac tua l  s t a t e  vector,  X, i s  obtained by d i r e c t  i n t e g r a t i o n  o f  the  
s t a t e  vec tor  a t  the previous t ime i n s t a n t  wh i l e  the  est imated s t a t e  
A 
vector, 21, i s  obtained by i npu t i ng  the  present  actual  s t a t e  in fo rmat ion  
i n t o  the  f i l t e r  t o  ge t  an estimated update o f  the  s t a t e  vector .  This  
t e l l s  t he  accuracy o f  the one step propagation. 
Since the actual  in fo rmat ion  i s  provided as p e r f e c t  data, i . e .  no 
i n i t i a l  o f f s e t s  o r  noise, t h i s  comparison between the  two sets o f  s t a t e  
in format ion a l lows an i n d i c a t i o n  o f  how we l l  the  f i l t e r  i s  operat ing. 
This mode o f  operat ion i s  termed as the  "passenger" mode s ince i t  c a r r i e s  
the f i l t e r  on ly  as a passenger f o r  each one step propagation. 
As seen from the f igure,  both e r r o r  norms decrease almost l o g a r i t h m i c a l l y  
dur ing  the  f i r s t  h a l f  o f  the  -240 second burn per iod.  During the  f i n a l  
ha l f  o f  the  burn phase both show a moderate increase. However, dur ing  t h e  
e n t i r e  burn they both s tay  we l l  w i t h i n  t o l e r a b l e  1 i m i  t s .  
These r e s u l t s  show t h a t  the dynamic model incorporated i n  the  f i l t e r  
i s  an acceptable representat ion of the  ac tua l  system's dynamics. However, 
s ince the  f i l t e r e d  est imates do no t  a c t u a l l y  d r i v e  the  f i l t e r  i n  t h i s  
mode of operat ion, these e r r o r s  norms g i v e  no i n d i c a t i o n  about over-all 
s imu la tor  package accuracy. 
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D. Covariance Ini t ia l izat ion - 
In theory, the diagonal elements of the covariance matrix P are 
directly related to the uncertainty in the f i l t e r ' s  output. The  question 
of covariance in i t i a l  ization ar ises  from the non-1 inear nature of the 
system. Kalman f i l t e r  theory s tates  tha t ,  for  a l inear  system, the 
elements of the covariance matrix will get smaller as the estimated 
values approach the actual ones. However, the theory does not always hold 
for non-1 inear systems, The problem here i s  that  the elements of P 
may get unjustifiably small meaning that  they no longer ref lect  the 
error i n  the s t a t e  vector. This causes the f i l t e r  to  use the one-step 
propagation a t  the expense of the measurements to  arrive a t  the 
estimated s ta te .  In other words, the f i l t e r  be1 ieves i t  is closer to  
the actual s t a t e  than i s  actually the case. The amount of correction 
i s  therefore small and f i l t e r  divergence can take place. The proper 
in i t i a l  values for  P must be chosen so that  they ref lec t  the i n i t i a l  
uncertainty and yet be large enough to prevent divergence of the form 
just  described. 
A1 though there i s  no straightforward analytical way to f i n d  these 
in i t i a l  values, a s tar t ing point can be found by using the estimated 
uncertainty i n  the in i t i a l  s ta tes .  These uncertainties are approximately 
1000 meters i n  each of the X, Y, and Z directions and 1 meterlsecond 
for the vel oci ty components. Since these values a re  standard deviations 
and the elements of the covariance matrix are  variances, each must be 
squared. In an attempt to  prevent divergence, the elements were i n i t i a l l y  
multiplied by a factor of ten to  yield the i n i t i a l  simulation t e s t  data. 
Several runs were made w i t h  var ious i n i t i a l  values f o r  t he  
covariance ma t r i x .  The - t e s t s  served a dual purpose; t o  f i n d  proper 
i n i t i a l  covariance values, and t o  check the s e n s i t i v i t y  o f  the  system 
t o  changes i n  those values. Runs were made us ing  values along the  main 
2 diagonal ranging from 10 t o  w i t h  each p o s i t i o n  s t a t e  and each 
v e l o c i t y  s t a t e  unce r ta in t y  equal a1 though the  two groups were n o t  
necessar i l y  equal t o  one another. 
The r e s u l t s  showed t h e t  the  system i s  no t  p a r t i c u l a r l y  s e n s i t i v e  
t o  t h e  covariance i n i t i a l i z a t i o n .  Although divergence d i d  occur f o r  
some o f  the  small values, the system response was e s s e n t i a l l y  the same 
I 
fo r  i n i t i a l  values several orders o f  magnitude apar t .  As a r e s u l t  o f  
these tes ts ,  the  i n i t i a l  covariance m a t r i x  was chosen t o  be 
E. Parametric Data Using Constructed States 
The t e s t s  run  i n  t h i s  sec t ion  were much ak in  t o  the  ones run i n  the  
sec t ion  deal ing w i t h  the  i n i t i a l  f i l t e r  checkout, i .e . ,  t he  f i l t e r  was 
tested t o  see i t s  response t o  various i n i t i a l  o f f s e t s  and measurement 
noises. The d i f ference was t h a t  here, s ta tes  t h a t  were used as the 
measurement data dur ing the  burn were constructed f,rom actual  accelerometer 
data as opposed t o  the previous use o f  ac tua l  s t a t e  in format ion.  The 
measurements were obtained by propagating the  veh ic le ' s  acce lera t ion  t o  
detertiline v e l o c i t y  and p o s i t i o n  data. The d e f i n i n g  equations are: 
.. 
X = ( X  + Y) A t  + Xo (v-7)  
where X = veh ic le ' s  new v e l o c i t y  
X = veh ic le ' s  new p o s i t i o n  
.. 
X = veh ic le ' s  acce lera t ion  a t  t ime o f  measurement 
a t  = propagation t ime 
. 
., . . - . - - - 
no = veh ic le ' s  i n i t i a l  v e l o c i t y  
A more d e t a i l e d  explanation o f  these equations i s  i n  order. There 
are two acce lera t ion  e f f e c t s  present here; an acce lera t ion  provided by 
the g r a v i t y  model previously described, w i t h  the next  s t a t e  est imate as 
.. 
i t s  input .  The X term includes both e f f e c t s .  Once again, the  noise 
term was added t o  take care o f  both system noise and measurement er rors .  
Thz f i l t e r  was checked through the f i r s t  two burn and coast  
phases, the  f i r s t  one of which i s  p l o t t e d  here. To account f o r  e r r o r s  
i n  the  coast measurement, a noise was added t o  the  coast  measurements. 
Due t o  the  angular nature o f  the coast measurements, t he  standard dev ia t i on  
of t he  noise was expressed i n  radians. When used i n  t h i s  manner, the  
s imulat ion program i s  now i n ' t h e  form t o  be implemented on an acuta l  
f l i g h t .  
As prev ious ly  stated, the  main ob jec t i ve  o f  these t e s t s  was t o  
determine t h e  e f f e c t  o f  noise on the  f i l t e r .  However, an important 
s i d e l i g h t  was t o  v e r i f y  the predicted e f f e c t  o f  i n i t i a l  s t a t e  e r r o r s  
on the  i n d i r e c t  measurement scheme u jed dur ing  the  burn, Recal l  the  
d iscussion a t  the  end o f  Chapter I V  o f  these i n d i r e c t  measurements. It 
was s ta ted there  t h a t  since each new measurement depends on the  previous 
one (through the  i n i t i a l  cond i t ion  f a c t o r ) ,  a l l  measurements w i l l  
i nc lude any i n i t i a l  e r ro r .  Therefore, i n  general, t he  e l i m i n a t i o n  o f  
the  e r r o r  does not  appear possible. I t  i s  enough o f  a prablem t o  
minimize i t ' s  growth, 
A l l  t e s t s  were c a r r i e d  out  w i t h  a propagation t ime o f  two seconds 
dur ing  a burn and s i x t y  second5 &wing a coast.  Also the  P, Q, and R 
matr ices were the  same as before. The p l o t s  shown are  the e r ro rs  i n  
R y  V, X, and x f o r  the f i r s t  burn and coast phases. Standard dev ia t ions  
were chfdsen on the  basis o f  device spec i f i ca t i ons  as g iven i n  [3, 4, 22, 
23, 24). 
The p l o t s  f o r  the f i r s t  burn, shown i n  Figures V-5 and V-6 reveal  two 
i n t e r e s t i n g  features.  Contrary t o  the  r e s u l t s  o f  ac tua l  s ta tes  from 
Figure V-1, t5e  i n i t i a l  o f f s e t s  were the  b igges t  f a c t o r  i n  determining 
the response, w h i l e  the noise, a t  l e a s t  f o r  reasonable values, had l i t t l e  
e f f e c t .  I n  f a c t  f o r  several cases, the p l o t s  f o r  the  same o f f s e t s  and 
d i f f e r e n t  noise were so c lose  together  as t o  be i nd i s t i ngu i shab le .  Th is  
s i t u a t i o n  c l e a r l y  demonstrates the e f f e c t  o f  i n i t i a l  measurement e r r o r .  
While t h e  growth o f  the e r r o r  i s  n o t  a t  a1 1 r a p i d  and indeed was reduced 
s l i g h t l y  i n  some cases, t h e  presence o f  t h a t  i n i t i a l  e r r o r  can be f e l t  
throughout t h i s  phase. 
The est imat ion scheme dur ing t h e  coast fa red  b e t t e r .  Here the  
reduct ion  o f  the  e r r o r  can be seen i n  Figures V-7 and V-8. Evefi 
r e l a t i v e l y  l a r g e  noises d i d  no t  de ter  the  est imator  from converging. 
This s i t u a t i o n  i s  a t t r i b u t a b l e  t o  t h e  d i r e c t  measurements t h a t  a re  
a v a i l a b l e  dur ing  the  coast  phase. 
I n  summary, these t e s t s  showed t h a t  the  amount o f  t he  i n i t i a l  
s t a t e  e r r o r  i s  a  c r u c i a l  f a c t o r  du r ing  the  burn bu t  no t  t he  coast.  
These r e s u l t s  were pred ic ted  using the  d e f i n i n g  equations (V-7) and 
(V-8). The slow growth o f  the  e r r o r  du r ing  a  burn and i t s  subsequent 
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Figure V-5. PLOT OF R AND V ERROR DURING FIRST 
BURN USING CONSTRUCTED STATES. 
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F. Study of U n f i l t e r e d  Noisy Accelerometer Data vs. F i l t e r e d  Noisy Data 
It was suspected t h a t ,  due t o  t h e  i n d i r e c t  measurements used d u r i n g  
a  burn, t h e  f i l t e r  m igh t  prove i n e f f e c t u a l .  Accord ing ly ,  a s e r i n s  o f  
t e s t s  were made t o  compare the  f i l t e r e d  and u n f i l t e r e d  responses. Th i s  
was done by bypassing t h e  f i l t e r  and us ing  t he  u n f i l t e r e d  s t a t e  es t imate  
as t he  system i n p u t .  The s t a t e  es t imate  was ob ta ined  by i n t e g r a t i n g  t h e  
accelerometer measurements. A l l  o f  t h e  p e r t i n e n t  da ta  used t o  c a r r y  o u t  
these t e s t s  was t he  same as t h a t  used p r e v i o u s l y .  
The r e s u l t s  shown i n  F igure  V-9 and V-10 bore o u t  t h e  p r e d i c t i o n .  
The curves f o r  va r ious  no ises were p l o t t e d ,  b u t  they  were found t o  be 
very  s i m i l a r  t o  one another.  Therefore o n l y  t e s t s  u s i n g  d i f f e r e n t  o f f -  
s e t s  a r e  shown. 
The smal l  d i f f e r e n c e s  between t he  two curves demonstrates d r a m a t i c a l l y  
t h e  poor na tu re  o f  the ( r e l a t i v e )  burn  measurements. I n  essence these 
t e s t s  show t h a t  l i t t l e  "c lean ing  up" o f  t h e  s t a t e  es t ima te  i s  p o s s i b l e  
d u r i n g  a burn  due t o  t he  l a c k  o f  t r u e  s t a t e  measurements a v a i l a b l e .  
Th i s  shows t h a t  t he  s i x  vec to r  f i l t e r  o f  p o s i t i o n s  and v e l o c i t i e s  w i t h  
accelerometer data du r i ng  t he  burn i s  o f  l i m i t e d  value. One poss ib l e  
remedy f o r  t h i s  would be t o  i nco rpo ra te  a  n i n e  vec to r  o f  pos i t i ons ,  
v e l o c i t i e s ,  ana acce le ra t i ons .  
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G .  Propagation Time Study 
F i l t e r  accuracy depends on many parameters associated w i t h  the f i l t e r .  
One o f  the  basic  parameters i s  the  propagation t ime f o r  t he  f i l t e r ,  ~ t .  
This i s  the  t ime i n t e r v a l  i n  which the f i l t e r  updates o r  propagates the  
s t a t e  vector .  I n  t h i s  study var ious values are  used i n  the  f i l t e r  t o  
determine a range o f  propagation t imes i n  which the  f i l t e r  can s t i l l  
funct ion proper ly ,  as we l l  as t o  determine a best  o r  opt imal propagation 
t i f i e  so t h a t  e r r o r s  i n  t he  s t a t e  vector  w i  11 meet the  des i red  t rack ing  
spec i f i ca t i ons .  From previous knowledge and l i t e r a t u r e  on Kalman 
F i l t e r i n g  i t  was known t h a t  the propagation t ime f o r  the f i l t e r  should 
probably be between . 5  and 2 seconds [25]. I t  was be l ieved t h a t  the 
smal ler t he  propagation t ime the b e t t e r  the  f i l t e r e d  s ta tes  should 
t rack  the actual  s tates and t h a t  f o r  l a r g e r  propagation times, the f i l t e r  
would be l ess  accurate. These ideas seem reasonable when viewed from 
the standpoint  o f  t ak ing  measureinents, I f  measurements a re  taken a t  
smal ler t ime i n t e r v a l s ,  the  f i l t e r e d  s ta tes  should be c l o s e r  t o  the 
actual  s ta tes .  
The s imu la t ion  runs made f o r  t h i s  study were f o r  th ree  d i f f e r e n t  
propagation t imes, .5, 2 and 5 seconds, w i t h  . 5  and 2 represent ing lower 
and upper bounds f o r  the propagation t ime. The 5 second run  was used t o  
detertil ine the r a t e  a t  which the f i l t e r  would d iverge f o r  an unreasonably 
l a rge  propagation t ime. I n  a l l  cases the  i n i t i a l  o f f s e t  i n  the s t a t e  
vector  was selected as nxT = [I000 500 1000 2 1 21. This  o f f s e t  was 
used s ince i t  was spec i f i ed  as a normal unce r ta in t y  i n  the  s t a t e  vector  
p r i o r  t o  the  f i r s t  burn. The measurement system used f o r  a l l  s imulat ions 
was that of accelerometer data being used to construct measurement 
states. The measurement noise was se t  a t  .01% of the vehicle accelera- 
tion. 
The results of these studies are presented graphically in Figure V-11 
and V-12. Figure V-11 shows curves of the position error norm and 
velocity error norm vs time for the f i r s t  burn .  These results are as 
expected. In al l  cases the rate i n  which the normed error increases i s  
reduced for a smaller propagation time. The most significant difference 
in the three simulations appears in the normed velocity error curves. 
The normed position curves show a smaller amount of difference. This i s  
due t o  the method of constructing the states in the measurement system. 
The f i 1 ter  i s  n o t  able t o  reduce these errors below the value of the 
ini t ial  offset due to the lack of true measurements. The f i l t e r  i s  
forced t o  use the ini t ial  s tate vector as accurate. Therefore, i f  the 
f i l t e r  tracks closely to the ini t ial  value then i t  i s  assumed that i f  
a better in i t ia l  value of the s ta te  vector were known the errors could 
be reduced. The error in the X and X states i s  shown in Figure V-12 
as a n  i l lustration of a typical single axis error response. Again, 
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H. V a r i a t i o n  o f  I n i t i a l  S ta te  Vector O f f s e t  
As s ta ted  prev iously ,  the  i n i t i a l  s t a t e  vector  p r i o r  t o  a  burn 
w i l l  always conta in  an e r ro r .  I n  GSP t h i s  i n i t i a l  e r r o r  was modeled 
as an a d d i t i v e  o f f s e t  t o  t he  actual  s t a t e  vector .  That i s  
where i and a  s i g n i f y  i n i t i a l  and ac tua l ,  r espec t i ve l y .  Therefore from 
(V-1) a  p o s i t i v e  number i n  t he  bSf fse t  vector  means the  i n i t i a l  s t a t e  
i s  l a r g e r  than the  actual  s ta te .  However, when the  e r r o r  between the 
actual  and est imated s t a t e  i s  computed a  negat ive q u a n t i t y  would be 
found. The e r r o r  i n  the s t a t e  vector  i s  computed by 
The purpose o f  t h i s  study was t o  observe the f i l t e r  e r r o r  response 
t o  v a r i a t i o n s  i n  the  i n i t i a l  s t a t e  o f f s e t  vec tor .  It was decided t o  
keep the i n i t i a l  normed p o s i t i o n  and v e l o c i t y  e r r o r s  constant and on ly  
change t h e  s ign  o f  c e r t a i n  values i n  the i n i t i a l  s t a t e  o f f s e t  vector .  
The magnitude i n  the  i n i t i a l  o f f s e t  vector  were se t  a t  reasonable 
maximums t h a t  were spec i f ied .  I n  the  previous studies the  i n i t i a l  s t a t e  
vector  was greater  than the actual  s t a t e  vector  i n  each i n d i v i d u a l  s ta te .  
By cons t ruc t ing  the  i n i t i a l  s t a t e  vector  i n  t h i s  manner the  normed posi -  
t i o n  and v e l o c i t y  e r ro rs  were never reduced below the  i n i t i a l  value. 
However, i n  t h i s  study, where the i n i t i a l  s t a t e  vec tor  i s  greater  i n  
some s ta tes  and l e s s  i n  o thers  than the  ac tua l  s t a t e  vector,  i t  i s  no t  
c l e a r  whether the normed p o s i t i o n  and v e l o c i t y  e r r o r s  w i l l  f o l l o w  a  
s i m i l a r  t rend.  Since the measurement system employed i n  t h e  f i l t e r  does 
n o t  use exact s t a t e  in format ion i t  i s  expected t h a t  t h e  e r r o r  t rend  
should be s i m i l a r .  
I n  the  s imulat ions made f o r  t h i s  study the  measurement system was 
t h a t  o f  t he  constructed measurement s ta tes  and us ing  i ( k + l / k )  i n  t he  
g r a v i t y  computation. The measurement noise was again s e t  t o  .01% o f  the  
veh ic le ' s  accelerat ion.  The propagation t ime was s e t  t o  .5 seconds. The 
r e s u l t s  o f  the s imulat ions a re  shown i n  Figures V-13 and V-14. 
From these r e s u l t s  i t  can be seen t h a t  f o r  some o f f s e t  va r i a t i ons ,  
these p a r t i c u l a r  e r r o r s  f o l l o w  the  same t rends as the  r e s u l t s  from 
previous studies.  However, f o r  o ther  o f f se ts  the  normed p o s i t i o n  and 
v e l o c i t y  e r r o r s  a re  a c t u a l l y  reduced below t h e i r  i n i t i a l  value. This  can 
on ly  be a t t r i b u t e d  t o  the p a r t i c u l a r  o f f s e t  value used and no general 
statement can be made regarding the  reduct ion  o r  increase i n  the  e r r o r .  
Again, these p o i n t  t o  the  f a c t  t h a t  the f i l t e r  response, e i t h e r  good o r  
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F igure  V-14. ERROR IN  X AND k vs.  TIME 
FOR DIFFERENT INITIAL OFFSETS 
I. Grav i t y  Computation Studies 
I n  t h e  f i l t e r i n g  process, a g r a v i t y  model i s  used t o  ob ta in  the  
acce lera t ion  of t he  Space Tug due t o  g r a v i t y .  The acce lera t ion  due t o  
g r a v i t y  i s  then added t o  the  sensed acce lera t ion  received from the 
accelerometers t o  g i ve  the  t o t a l  veh ic le  acce lera t ion  dur ing  the  
burn phase o f  f l i g h t .  Th is  i s  then used i n  the  measurement system t o  
obta in  constructed measurement s tates.  The purpose o f  t he  study made 
i n  t h i s  sec t i on  centers around the  computation o f  t he  g r a v i t y  model. 
The d r a v i t y  model needs as one o f  i t s  inputs  a value o f  the  s t a t e  vector.  
I n  previous s imulat ions the  value o f  the s t a t e  vector  used was the  value 
i ( k / k ) .  It was real ized,  however, t h a t  a t  t he  t ime the  g r a v i t y  model 
- 
was c a l l e d  f o r  i n  the  measurement system, the  one step propagated s t a t e  
vector -- i ( k + l / k )  was ava i lab le .  The one step propagated s t a t e  vector  i s  a 
pred ic ted value f o r  the s t a t e  vector  a t  t ime tk+l given measurement i n -  
formation a t  l ime t k .  By uslng i ( k + l / k )  ins tead o f  i ( k / k )  i n  the  g r a v i t y  
model computation, i t  was bel ieved t h a t  the  acce lera t ion  due t o  g r a v i t y  
could be improved. This impl ied t h a t  improvement i n  the  f i l t e r e d  s t a t e  
vector a t  t ime tk+l, - X(k+l /k+l ) ,  could be obtained. 
The s imula t ion  runs made t o  v e r i f y  the above assumptions used an 
i n i t i a l  o f f s e t  i n  the s t a t e  vector  of axT - = [ l O O O  500 1000 2 1 21 and a 
measurement noise o f  .01% of the  veh ic le  acce lera t ion .  The r e s u l t s  of 
the s imula t ign  runs are shown i n  Figures V-15 and V-16. The normed posi -  
t i o n  and v e l o c i t y  curves both show a reduct ion i n  e r r o r  as expected. 
The 'larger amount o f  d i f ference again appears i n  the normed v e l o c i t y  
e r r o r  curves f o r  the reasons discussed i n  the  previous sect ion.  Figure V-16 
shows the  e r r o r s  i n  the  X and X s tates.  There i s  a small improvement 
i n  the  X s ta te  e r r o r  fo r  the  two cases; however the  improvement i n  the  
X s t a t e  shows a reduct ion below the e r r o r  o f  the  i n i t i a l  k s ta te .  The 
increase i n  the  normed e r r o r  shows t h a t  t he  other  s ta tes  are increasing 
a t  a r a t e  greater  than the  r a t e  by which the  X s t a t e  decreases. 
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Figure V-15. NORMED POSITION AND VELOCITY ERROR VS. TIME 
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F igure  V-16. ERROR IN X AND x VS. TIME 
FOR DIFFERENT CO!%PUTATION TIMES 
V I .  FINDINGS, CONCLUSIONS, AND RECOMMENDATIONS 
I n  t h i s  chapter are out1 ined the  o v e r a l l  r e s u l t s  o f  the  Space Tug 
Navigat ion study. I n  a d d i t i o n  are inc luded recommendations based on an 
extension o f  the  work repor ted here in  us ing as a bas is  the computer 
s imu la t ion  package developed under the  cont rac t .  
Based on the  study o f  the s imu la t ion  r e s u l t s  presented i n  Chapter V 
and previous theo re t i ca l  analys is  the f o l  lowing f i n d i n g s  are presented: 
1. Overal l  t r ack ing  accuracy i s  independent o f  t he  choice o f  the  
i n i t i a l  covariance matr ix ,  P(O/O), f o r  a reasonable range of 
values (See Chapter V-Section D). 
2. Pos i t i on  and v e l o c i t y  e r r o r  norms are  h i g h l y  dependent on i n i t i a l  
s t a t e  indeterminacy. I n  general, t he  r a t e  o f  growth o f  the  e r r o r  
i s  a func t i on  o f  the i n d i v i d u a l  s t a t e  component fnderminacies. 
(Xe3 Ye, Ze, Re, u, Ze) (Refer t o  Chapter V-Section H) 
3. It appears as i f  the  p o s i t i o n  and v e l o c i t y  e r r o r  norms are re -  
l a t e d  t o  the s t a t e  est imat ion f i l t e r  propagation time, n t ,  by 
where, k i s  an unknown constant and Xe(0) i s  t h e  i n i t i a l  s t a t e  
indeterminacy. 
The o v e r a l l  t r ack ing  accuracy i s  d i r e c t l y  r e l a t e d  t o  the accuracy 
o f  the s t a t e  vector  est imate used i n  the g r a v i t y  model dur ing  
the burn phase acce lera t ion  computation (See Chapter V-Section I ) .  
I t  was found i n  t h e  computation o f  the p a r t i a l  de r i va t i ves  o f  
D C X y  DCY, and DCZ t h a t  these p a r t i a l  de r i va t i ves  were i n s e n s i t i v e  
t o  a l a rge  number o f  in termediate p a r t i a l  d e r i v a t i v e  computations. 
From s imula t ion  studies o f  var ious miss ion p r o f i l e s  i t  was 
observed t h a t  t he  
aK1 aK2 aK3 
- -- 
a K4 
, and -, where ii i s  the ith element o f  the s t a t e  
a C i y  asi' asi a C i 
vecto;., cguld be se t  t o  zero w i t h  minima1 degradat ion o f  o v e r a l l  
130 
t r a c k i n g  accuracy (See I G M  Guidance Law i n  Chapter 111). Be- 
cause of the  i n t e r r e l a t i o n s h i p  o f  the aforementioned p a r t i a l  
d e r i v a t i v e s  w i t h  others, 84 p a r t i a l  d e r i v a t i v e  computations 
were there fore  e l iminated,  thus g r e a t l y  reducing the  computational 
burden. 
6. As shown i n  the  r e s u l t s  o f  Chapter V-Section F, t he  u n f i l t e r e d  
no isy  accelerometer r e s u l t s  a re  on ly  s l i g h t l y  worse than the  
f i l t e r e d  measurements dur ing the  burn. Th is  was as expected 
s ince on l y  r e l a t i v e  s t a t e  vec tor  measurements a re  a v a i l a b l e  
a t  t h i s  t ime. It i s  f e l t  t h a t  a  n i n t h  order  f i l t e r  formulat ion,  
i nc lud ing  veh ic le  accelerat ions as s ta tes  themselves , would 
d ramat i ca l l y  improve the f i l t e r e d  r e s u l t s  a t  the expense o f  a  
l a r g e r  computational burden. 
7. It appears t h a t  the  t rack ing  l i m i t s  spec i f i ed  can be met by 
the  f i l t e r i n g  scheme developed. However, t he  t rack ing  accuracy 
i s  c lose  t o  the  upper l i m i t s  spec i f i ed  and f u r t h e r  work i s  
needed t o  improve them. 
From the  foregoing f i nd ings  and the o v e r a l l  r e s u l t s  from Chapter V ,  
t he  fo l l ow ing  general conclusions can be stated:  
The o v e r a l l  t r ack ing  accuracy can probably meet spec i f i ca t i ons .  
During the  burn, however, the  i n i t i a l  s t a t e  indeterminacy 
p r i n c i p a l l y  determines the t rack ing  e r r o r .  The propagation 
t ime a l so  a f f e c t s  accuracy. 
The general s imulator  package GSP i s  a  f l e x i b l e ,  e f f i c i e n t  
s imulator  t h a t  i s  capable o f  handl ing a  v a r i e t y  o f  nonl inear  
s t a t e  es t imat ion  jobs. Due t o  i t s  design f l e x i b i l i t y ,  i t  
i s  a1 so usefu l  w i t h  a i r c r a f t  and rocket  nav iga t ion  problems 
i n  a d d i t i o n  t o  t h a t  o f  the Space Tug. 
Many ideas suggest themselves as poss ib le  areas o f  f u t u r e  work. 
Although these ideas are  q u i t e  var ied  and i n t e r r e l a t e d ,  they can be 
lumped under the f o l l o w i n g  s i x  major recommendations f o r  f u t u r e  work: 
1  ) I n v e s t i g a t i o n  o f  t rade-of fs  between nav iga t iona l  accuracy and 
computational requirements. The low-cost nature o f  the miss ion 
d i c t a t e s  the  need f o r  a  low-cost, simple on-board computer. By 
reducing the  volume o f  ca l cu la t i ons ,  the  computation t ime and 
hence the computational burden can correspondingly be reduced. 
To imp1 ement computational simp1 i f  i c a  t i ons  , the s e n s i t i v i t y  of 
the  o v e r a l l  t r ack ing  accuracy t o  each on-board c a l c u l a t i o n  must 
be determined. Since the bu lk  o f  the computations are  p a r t i a l  
d e r i v a t i v e s  used i n  the one-step propagation, a  good s t a r t i n g  
p o i n t  would be t o  t r y  t o  f u r t h e r  reduce these by e l i m i n a t i o n  
as described i n  Chapter 111. I n  add i t i on ,  a s i m p l i f i c a t i o n  
may be poss ib le  i n  the g r a v i t y  and drag models. 
2)  Study the  use o f  d i f f e ren t  measurement systems. As explained 
i n  Chapter I V Y  the  i n d i r e c t  measurements used du r ing  the  burn 
make reduct ion  o f  the  i n i t i a l  e r r o r  d i f f i c u l t .  Thus, i t  would 
be desirous t o  o b t a i n  d i r e c t  s t a t e  in format ion from t h e  
measurements. One possib le suggestion i s  t o  use the  I n t e r f e r o -  
meter Landmark Tracking ( ILT)  System dur ing  bo th  the  burn and 
the coast  phases. 
3 )  Find a way t o  reduce the i n i t i a l  s t a t e  e r r o r .  This  t i e s  i n  
c l o s e l y  w i t h  (2) i n  t h a t  one poss ib le  remedy might  be found 
by us ing  d i f f e r e n t  measurement conf igura t ions .  Another area 
t o  be i nves t i ga ted  i s  the frequency, type, and accuracy 
requirements o f  ground based updates. 
4)  Augment the present s i x - s t a t e  vector  t o  inc lude the acce lera t ions  . 
By y i e l d i n g  b e t t e r  data on the  accelerat ions,  t h i s  n ine-s ta te  
vector  might  improve the p o s i t i o n  and v e l o c i t y  est imates. Such 
an approach would invo lve  modeling the  dynamics o f  t he  t h i r d  
d e r i v a t i v e  o f  p o s i t i o n  ( j e r k ) ,  however. 
5)  Determine the r e l a t i o n s h i p  between the propagation t ime and 
t rack ing  accuracy, the purpose being t o  determine the  longest  
propagation t ime poss ib le  and s t i l l  meet miss ion t rack ing  
spec i f i ca t i ons .  
6 )  I nves t i ga te  the use o f  a non- l inear  f i l t e r i n g  scheme t o  replace 
the present l i n e a r i z e d  one. Although i t  would increase the  
a n a l y t i c a l  complexity, i t  i s  expected t h a t  t h i s  new scheme would 
reduce the computational burden and i ncrease t r a c k i  ng accuracy. 
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APPENDIX A 
@ MATRIX PARTIAL DERIVATIVE COMPUTATION 
I n  the  development o f  the  s ta te  est imator,  i t  was necessary t o  
obta in  d i s c r e t e  1 inear ized equations based on the system dynamics i n  
order t o  propagate the  s t a t e  vector. 
The basic system dynamics considered f o r  t he  3-degree o f  freedom 
f l i g h t  a re  
where T = t h r u s t  ( f i x e d )  
M = veh ic le  mass (t ime-varying) 
.. .. 
Z = g r a v i t y  terms Xg' Yg' g 
DCX, DCY, DCZ = d i r e c t i o n  cosines o f  engine gimbals 
The s t a t e  vector i s  def ined as 
I n  terms o f  t h e  s t a t e  equations, (A-1 ) can be w r i t t e n  as 
k = f (X , t )  (NON-LINEAR SYSTEM) 
- -- (A-3) 
Expanding t h i s  i n  a Taylor  Ser-ies gives 
.- A t  2 X(k + 1 )  = K(k) + k d t  + X 7 + H.O.T. 
- (A-4) 
where ~t i s  the  d i s c r e t e  propagation t ime and H.O.T. represents t h e  h igher  
order  terms i n  the  ser ies  expansion. Since = f(X, t) and 
.. af  - 
x = -  (A-4) can be w r i t t e n  as 
- ax- '  
- 
where - n(k )  i s  lumped noise due t o  se r ies  t runcat ion .  
A f t e r  d e f i n i n g  the  terms 
and 
~ ( k  + 1 y k )  = [A(Xyt)  % + 11 
a f 
JACOBIAN MATRIX = A(&yt) = - ax 
equation (A-5) can be w r i t t e n  as 
~ ( k )  
- 
As evidenced from (A-6) and (A-7) @(k+ l ,  k )  i s  found from tak ing  
successive p a r t i a l  de r i va t i ves  o f  t h e  system dynamics w i t h  respect  t o  
t h e  elements o f  t he  s t a t e  vector .  It was assumed t h a t  DCX, DCY, DCZ, 
and the  g r a v i t y  terms are t h e  on l y  terms i n  (A-1) t h a t  a r e  func t ions  o f  
t h e  states,  t he re fo re  the p a r t i a l  d e r i v a t i v e s  o f  these f i r s t  t h ree  
terms a re  needed i n  terms o f  known quan t i t i es .  This  enables propagation 
of DCX, DCY, and DCZ from one d i s c r e t e  t ime instance t o  t h e  next.  However, 
generation o f  these p a r t i a l  der ivat ives proved t o  be qu i te  laborious 
due t o  the number o f  terms involved i n  the I .G.M. law. 
The complete der ivat ion c f  these terms w i t h  respect t o  one element, 
X, fo l lows. This der ivat ion i s  shown i n  successive steps i n  order t o  
show the precise procedure and a l l  quan t i t i es  are as defined i n  I.G.M. 
cos pT 0 s in  pT 
[ I  = Li. .T 1 .: J 
I COS mL s i n  mL s i n  Az 
-s in  (g cos pL s i n  AZ 
I 
s in  en s i n  i cos i -COS E 
N I 
I -s in  en cos i s in  i cos z 
j., s i n  i I 
DCX = Cll s i n  cos x i  + C12 s i n  x i  + CI3 cos x 1  cos x '  P P Y 
DCY = Cpl s i n  cos xi + CZ2 s i n  P + cz3 COS x '  cos x '  P Y 
DCZ = Cjl s i n  cos xi + C3Z s i n  X; + C33 cos X '  cos x '  P P Y 
C, . . . C33 are funct ions o f  the states; however, through s imulat ion 
they were shown t o  have l i t t l e  e f f e c t  i n  the fo l l ow ing  p a r t i a l  der iva t ives.  
Hence, t h e i r  de r i va t i ve  w . r . t .  the states are  considered zero. 
STEP 1. 
ax ' 
- -  a D C X  - Cll (COS X I  COX x 1 3 - s i n  x~ s i n  x~ 2) 
a X Y p ax P Y ax  
ax ' ax ' 
+ c12 (cos Y 2) ax - c13 (Cos xb s i n  Y --+ + 




A=- a K2 ax t- 
ax a x  a x  S t  + g$ 
- 
axX' -aK3 Y=-  a K4 ax 
ax  -+- S t + +  aX ax  
ax ' ax' 




= [C - ST + i T g  + $SgTg2 - MS s i n  + NQ s i n  1 ~ M B ~ - N P )  P P a x  
a a a .. 2 
+ [MBY-NPI 1% 5 - x CT + %(iTg)  + % %i a x  g g  T 
- - 
= (my - 'By' ($ LMByI - 5 [NP]) + 
- a 
- ( S  s i n  x ) a x  Y 
a a a 
- [A D 1 = A - ( D  ) + Dy (Ay) a x  Y Y Y a x  Y 
.-. 
Y 
(COS x ) + COX x 
I 
STEP 5. 
a a [ J + J I )  - P(K4 &(sin i Y ) + s i n  iy 3 ~ ~ ) )  
- 
a a(sin x ) 
- ( M S s i n ; ) = K l S  a x p + sin  iP a1 + 
l a 1 a - a ~ ( N Q  s in  P ) = N Q %(sin P ) + sin  x P -(Q)/ ax 
- a + P l K 4  & ( s i n  iy) + s in  xy % 
aM a - a 
- a x  = -(COS a x  x Y ) + K3 871(~in i Y ) + ( s i n  i Y ) a x  (K3) 
aK - a 
-- K4 ( s i n  i,,) + s i n  ( K ~ )  
a X Y a x  
% (50s P = -L a x  cOs ( tan-' (3) 
a - a - a x(S s i n  x ) = S - sin + sin - (s) Y ax  Y Y ax 
a ~ i  a ~ i ;  
a .2 2 % - ~i + ~i - 
~ [ A C  + ang ] = a x  




a 6 laiT a x  
ax ax T 11 A +  A =  4 - +  (COS + q + s i n  tT 4 3 1 )  ax 
. . 
a~ .. 
a + ~  a + ~  +, q g 3 )  3 + Xg(-ql 1 s i n  $T + qgl  cos +T 
. . 
+ y g ( - q 1 2  s i n  +- ,  am^ + cos +T  am^ ) + 
\ 
See ADDENDUM t o  Space Tug Report 
Contract NAS8-29852 pages 68-72  
.. a @ ~  a + ~  
- Sin PT -) + Y 9 (-q12 cos mT 3 - 432 s i n  +T x) 
. . a @ ~  
+ zg(-ql 3 'OS PT - 433 Sin '#)T x) 
a @ T  I 
STEP 7 .  
cos yT aVT 
-- 
2 ( R ~  x - 'T 
R~ 
a L ( v  - +  L -ar) a L avex ex ax 2 - %(Vex = +  L -1 ax 
atT 
- = -V- sin y a - f ~  f 
a V ~  
a x T a~ + 'OS YT ax 

a V  a e~ - s i n  eT T = L  
ax (pT) '1 + eT(eT + 2 cos eT)j' I 
a e ~  aRT P e s i n  eT 
- 
- -  
T T 
(1 + eT cos eT IZ  
where 
2 C2 = B12 Aa + Bl Aa + B10 
and B1 0s Bl , B1 2, B21 and B2* are constants determined 
elsewhere and Aa i s  the  difference between semi-major axes 
o f  the i n i t i a l  Parking O r b i t  and the  F ina l  o r b i t .  
cos yT aVT VT cos Y 
+ - -  
a X R~ 




been prev ious ly  determined. It was noted t h a t  t he  term 3 i s  comon i n  
n r\ 
% '  
OUT the  d e r i v a t i v e  term expressions. Thus, i f  -can be expressed as a 
aT aT ax 
func t ion  o f  4 and 4 can be expressed i n  closed form, then a l l  o f  t h e  
V cos y V~ + - COS YT 
? -r 
-- p a r t i a l  de r i va t i ves  could be evaluated. A f t e r  proper subst i tu t ions ,  
R R~ 1 I%+ FK6 %+ Tg aFK6 1 
a e~ 
-can be shown t o  be, a X 
e s i n  eT T 
ri 
(1 + eT + 2eT cos eT) I 
I PT eT s i n  eT A4 = W7 ( l  + eT COS eT) 2 I 
and 
v cos y + v cos yT W1 = T R R~ 
FK6(T ) I  -!- s i n  yT 
R~ 
cos YT 
W6 = %[Tg + FK6(Tg)] 
R~ 
W7 = VT(W6) 
W8 = (k)(W1)(1 + FK6) 
W9 = ( k )  (Wl) Tg 
aT 
As a f i n a l  task, 3 must be expressed i n  closed form. 
A t  t h i s  po in t ,  i t  would be advantageous t o  discuss T as i t  appears 9 
i n  t h e  I.G.M. law. The equation f o r  T g iven i n  I.G.M. i s ,  9 
Tg = Tg + AT, 
where i t  appears t h a t  t h i s  i s  merely an update o f  T But, acu ta l l y ,  g ' 
T has been updated p r i o r  t o  t h i s  s tep and AT i s  a c t u a l l y  a co r rec t i on  9 
f a c t o r  f o r  t he  e r r o r  i n  t h e  update. 
The d i s c r e t e  equations are  
actual  theor. computed 
~ ~ ( k )  = ~ ~ ( k )  +  AT(^) 
t heor. theor. computed 
Tg(k + 1)  = ~ ~ ( k )  + dT(k) + s t ( k )  
and t a k i n g  t h e  f i r s t  p a r t i a l  de r i va t i ve ,  
actual  
aT ( k )  :;$ j ~ ~ ~ ~ ~ ~ e d  
9= + 
ax  a X 
i n  terms o f  T Solv ing f o r  the  9 
a X ex ex 
From Step 7, 
Subst i tut ing back i n t o  t h i s  equation using t h e  p a r t i a l  d e r i v a t i v e s  
a AT obtained i n  terms of T , and solving f o r  -one obtalns,  9  
where, 
% e s i n  eT T 
S 
[ I  + eT2 + 2eT cos eT] I 
S8 = N4[q12 cos 4, + q32 s i n  
S9 = N5[q13 cos 4,. + qj3 s i n  
- S 2  - S3 - S 4  - S5 - S 6 +  S7 + S 8 + S 9 )  
1 + A 2  + A3 + A4 
and El, A 2 ,  A3,  A4 ,  and A5 are as defined previously. 
From (A-9) the final step in the derivation is 
a X 
'ex 'ex 
Simi 1 ar expressions can be derived for the partials with respect 
to the five remaining elements in the state vector. Due to  the extreme 
size of the listing i t  i s  omitted from this report, however, i t  i s  
available upon request as an Addendum. 
APPENDIX B 
DATA INPUT/OUTPUT 
I n  t h i s  Appendix, the  form o f  data i npu t  needed f o r  computer 
cards i s  shown and an example output  given and discussed as t o  
i nd i v idua l  term meanings so there  can be no confusion as t o  what the  
output  y i e l d s .  It should be noted t h a t  i n  a l l  cases, double p rec i s ion  
nota t ion  i s  required, al though no t  a l l  s i g n i f i g a n t  d i g i t s  need be o r  
can always be inpu t  o r  output.  
A. Input  From Data Cards 
For d i f f e r e n t  data, d i f f e r e n t  formats are used. A l i s t i n g  o f  t he  
groups o f  var iab les  w i l l  be given, along w i t h  the  format code c a l l e d  
f o r .  
1. Earth O r b i t  Data 
ECC, ECCAML, ANM, TREF, AMAJOR 
Format i s  5D13.8 - up t o  8 decimals per number, 13 spaces t o t a l  
( i nc lud ing  s ign  and exponent), D format, up t o  5 numbers on a card. 
An example card f i e l d  i s  shown below. 
COL 1 14 2 7 
.016727260D00 8.30127160D-3 1.990839720-7 
0.00000000D00 1.49467000D11 
COL 40 5 3 
159 
2. I G M  I n i t i a l i z a t i o n  In tegers  
ISW, NCYL, NFK6 
Format i s  1615 - up t o  16 d i f f e r e n t  f i v e - d i g i t  i n tege rs  (on l y  3 
a re  used here) which are  r i g h t - j u s t i f i e d .  An example card f i e l d  i s  
shown be1 ow 
COL 5 10 15 
2 2 0 
3. Tug Charac te r i s t i c  Data 
THRUST, SISP,  WTSTAG, TF, TIME 
Format i s  6D13.8 - up t o  8 decimals per  number, 13 spaces t o t a l ,  
D format, up t o  6 numbers on a card. An example i s  shown below 
COL 1 
1 .00000000D01 4.19755900D04 
COL 40 53 
4. Exact Tug S ta te  Vector 
Format i s  6D13.8 - same as i s  subsect ion 3. An example i s  shown 
be1 ow 
CO?. 1 14 27 
-8.7143370D04 -2.4140460D05 -6.6738760006 
7.73020900D03 -1 .7556700D01 -1 .055021 OD02 
COL. 40 5 3 66 
5. S ta te  O f f s e t  Vector 
XOFFST 
Format i s  6D13.8 - same as i n  subsect ion 3. An example card i s  
shown be1 ow 
COL. 1 14 27 40 53 66 
1000.ODO 500.ODO 1000.ODO 2.ODO 1.ODO 2.ODO 
6. Burn-Coast I n i t i a l i z a t i o n  Times 
DTC, DPRTC, DTB, DPRTB 
Format i s  6D13.8 - same as i n  subsect ion 3. An example card i s  
shown be1 ow 
COL. 1 14 2 7 
6.00000000D016 6.00000000D01 .500000000D00 
.500000000D00 
COL. 40 
7. Launch Coordinates and I G M  Control  Times 
AZ, PHIL, TPHIT, TCHIT 
F~r rna t  i s  6D13.8 - same as i n  subsect ion 3. An example card i s  
shown be1 ow 
COL. 1 14 2 7 
8.3391 1243D01 2.86080000D01 9.9999990806 
1 .50000000D01 
COL. 40 
8. S imu la to r  Made S e l e c t i o n  I n t e g e r  
ICHECK 
Format is 11- i n t e g e r  va lue  i s  1, 2, o r  3 i n  co:umn 1. 
9. End-of-Burn O r b i t a l  Pararceters 
KT, YT, THT, P02, E2, ARGPER, DINCL, DNODE, TGB, RANT, WDROP 
Format i s  8313.8 - same as i n  subsect ion 3 .  There a r e  two cards 
requ i red  f o r  t h i s  data.  
COL. 1 14 2 7 
6.69584200D06 8.35041 600D03 1 .25450190D00 
COL. 40 5 3 6 6 
COL. 1 14 2 7 
COL. 40 5 3 
10. End-of-Coast Time -
TCOAST 
Format i s  D13.8 - one number w i t h  13 t o t a l  d i g i t s  o r  l ess ,  o n l y  




This sec t i on  discusses and d isp lays  representat ion data ou tput  so 
as t o  c l a r i f y  t he  purpose o f  t he  data presented. 
On the  nex t  page i s  shown the  f i r s t  output  sheet conta in ing  an 
explanat ion o f  the  mode se lec t ion ,  i .e. de te rm in i s t i c ,  f u l l  f i l t e r ,  o r  
passenger mode, along w i t h  the  I G M  data i n p u t  from cards as discussed 
i n  the  previous sec t ion  o f  t h i s  Appendix. This i s  f o r  two purposes: 
(1)  t o  insure  t h a t  the  data has been read proper ly ,  and ( 2 )  i t  provides 
a concise l i s t i n g  o f  the  s imu la t i on  run values t o  a i d  i n  moper  ana lys is  
o f  the  f l i g h t  data a t  a l d t e r  t ime. 
On the pages f o l l o w i n g  the previous sheet a re  representa t ive  output  
data from GSP, as commanded by subrout ines NPRINT and OUTPUT. The f i r s t  
b lock s e t  o f  data represents i n i t i a l  cond i t ions  data e x i s t i n g  before 
the s imu la t ion  begins. Subheadings "Begin Burn", "Begin Coast", "End 
Burn", "End Coast" appear as necessary t o  c l e a r l y  d i leneate  the  f l i g h t  
phase the  p r i n t e d  data i s  compatable w i th .  Note t h a t  TIME. l i s t e d  a t  
the beginning o f  each b lock  o f  data, represents the  reference t ime 
a t  which the  data i s  ava i l ab le .  This  t ime i s  referenced t o  the i n i t i a l  
Earth launch of the Space Shu t t l e  - Space Tug combination. For instance, 
TIME = 41980.0 means 41,980 seconds ( o r  about 11 112 hours) have elapsed 
from launch i n i t i a t i o n .  A de f in ing  1 i s t  o f  symbols f o r  the  terms i n  
these data blocks i s  g iven i n  Table B-1. 
The sect ions o f  output  data no t  i n  blocks, i . e .  "FILTERED STATES", 
represents output  data from the  s t a t e  est imator  nav iga t ion  system. 
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C h I I 1 )  J.97E34179C C+ CkI(2J C.17316C39C CCl C l i I ( 3 )  C.113414390 ZC CHITP C.239633590 01 CHITY 0.879835410 01 
P C.71575674C 3 7  E .  t~.71j75C3CD-!Il A R G  C. lP703423D C 3 T R U  C.504549COD 01A 0.719442430 O7PSEC 0.607300390 0 4  
R P  5.66794832C 5 7  7 A  CJ.77C93655U 0 7  VP i .7S7t6PS7C) C4 LA 0.652842430 04  AP 0.162698270 0 3  AA 0.71879021b 0 3  
FILTERED STATES = 
i. 732 37J3?13C ;- - ; . 2 3 ~ l i 6 0 3 5 1 G  C6 - ~ . t t 3 6 6 4 3 9 3 2 @  0 7  C.795152 73400 0 4  
S T A T e  ERRCK = dCTUPL-ESTICJ f t U  
-t.!53421;52loC-,f+ ?.1241467544C.-;5 :. l e 5 1 ~ ~ 6 7 4 5 ~ - ~ 4  C.41177872940-05 
PCSITIC\ is!\C:t \CsP = :.5373715SPL1C-34 
V E L C C I T Y  E R 9 G R  hORP = 5.547172330-04 
EXACT PEASUREPENTS = 
1.732573.331-30 .JG -3.2391 16430111 .'6 -de66?6643932C 0 7  C.79515273440 0 4  
PVAILARLE CEASUREPENTS = 
s.1.73L3793313L " 6  -$.23911b63t1lL' C6 -9 .66366439320 C 7  C.79515273440 C4 
ESTICATEC CEASUREVEKTS = 
<.7323773446O : b  - ~ . i 3 J L l G t 3 k 4 C  CO -L . t63t0439,37D 3 7  C.79515263570 04 
PEPSGRSMENTS HESI?UAL = AVAILACLE - E S T I C A T f C  
-3.12 1+7322356-.;1 2.31 . ~ F ~ S C Z S ~ - C >  C.46323234SYD-C2 C.SeW032CEZAD-C3 
THZ S T A T E  c r R P 1 \ S I T I C ~  M A r R I X  I S  
Q.lGCCC:LX Cl 3.0 
C., C .1C i :CCCOD 5 1  
1C.E RCOTS CF Tl1E S T A T E  TRAIZS:TICA C A T R I X  
REDL I M l l G I N A R V  
C.SS9S9237E CC -0.11180264E-@2 
C .SSS99237E CC C. 11  le6264E-02 
3.48659624E G n  -C. 103226ClE-01 
C.SF659629E C C  C. 10322601E-01 
G.cE718194E CC -C.102SS139E-01 
C.SF716184E C f  C. lC2S5 130E-Cl 
= Z . 2 C i C C ; C C C  "1 
G X A V I T Y  T E Y P S  
C E T  = 

D e f i n i t i o n s  f o l l o w :  
Name 
F i  1  t e r e d  States 
S ta te  E r r o r  
D e f i n i t i o n  -
Sta te  vec to r  i n f o r m a t i o n  a c t u a l l y  
a v a i l a b l e  t o  guidance law ( i s  i n  
e r r o r ) .  
e  = X(k) 
- - - i ( k / k )  
ac tua l  
P o s i t i o n  E r r o r  Norm 
V e l o c i t y  E r r o r  Norm 
Exact Measurements 
Ava i l  a b l e  Measurements 
ac tua l  measurements w i t h o u t  no ise  
ac tua l  measurements p l us  no ise  
Est imated Measurements r e s u l t s  which come from f i l t e r  one 
s t e p  propagat ion, 
Measurement Residual 
Covariance M a t r i x  
(ava i lab le -es t imated)  measurement 
i n d i c a t e s  how w e l l  f i l t e r  i s  working. 
S ta te  covar iance m a t r i x  
S ta te  T r a n s i t i o n  M a t r i x  @ ( k + l  ,k) e n t r i e s  
DELCHK I n t e g r a t i o n  s tep  s i z e  
Grav i t y  Terms p a r t i a l  d e r i v a t i v e s  o f  g r a v i t y  terms; 
XDDG go ing across page, 
Y DDG 
ZDDG 3 2  a x  a x  .jx 
_9. s ... -9, -3 
ax ' ay ' 7 j  22  
Not Contro l  1 a b l e  - Contro l  1  ab le  Headings from CONOBS r e f e r r i n g  t o  
Not Observabl e - Observable observabi 1  i t y / c o n t r o l  1  ab i  1  i ty  
DET determinant  o f  a  square m a t r i x  used 
i n  CONOBS ana l ys i s  
H m a t r i x  Elements o f  H ma t r i x ;  6x6 du r i ng  burn; 
3x6 du r i ng  coas t  
Table B-1. LIST OF SYMBOLS IN  OUTPUT DATA BLOCK 
Symbol Def i n i  ti on 
Exact X coord inate o f  the Tug i n  
Apol l o  13  ECLC. (meter) 
Exact Y coord inate o f  the Tug i n  
Apol l o  13 ECLC. (meter) 
2-1 3 Exact Z coordinate o f  the Tug i n  
Apol lo  13 ECLC. (meter) 
Exact X coord inate o f  t h e  Tug i n  
Apol l o  13 ECLC. (ni/s) 
Exact Y coord inate o f  the  Tug i n  
Apol l o  13 ECLC. (m/s) 
Exact Z coord inate o f  the Tug i n  
Apol lo  13 ECLC. (m/s) 
Instantaneous rad ius  of the Tug 
from ea r th  (meter) 
V Instantaneous v e l o c i t y  o f  the  Tug 
(m/s 
PATH F l i g h t  path angle y i n  I G M  ( i n  
degrees ) 
INCL Present i n c l  i n a t i o n  angle o f  o r b i t  
( i n  degrees) 
NODE Present f l i g h t  o r b i t  node ( i n  degrees) 
RAN Range ang? e (degrees) 
G X Instantaneous g r a v i t y  i n  t he  X coord i -  
nate (m/s2) 
G Y Instantaneous g r a v i t y  i n  the  Y coord i -  
nate (m/s2) 
FMXM Accelerat ion due t o  engine t h r u s t e r  i n  
the  X coord inate (m/s2) 
FMY M Acce lera t ion  due t o  engine t h r u s t e r  i n  
the  Y coord inate (mjs2) 









D e f i n i t i o n  
Accelerat ion due t o  engine t h r u s t e r  
Sn the Z coordinate (m/s2) 
Instantaneous acce lera t ion  o the  I Tug i n  t h e  X coordinate (mls ) 
Instantaneous acce lera t ion  o f  t he  
Tug i n  the  Z coordinate. (m/s2) 
Vehicle mass (ki lograms) 
Weight o f  veh i c le  (pounds referenced 
t o  sea 1 evel ) 
Mass f l o w  r a t e  (kg/sec) 
Vehic le Thrust  ( i n  Newtons) 
Vehicle Thrus t  ( i n  pounds referenced 
t o  sea 1 evel ) 
PHIT 
+T - Terminal Range angle 
I SP Spec i f i c  impul se ( i n  seconds) 
F/ M Instantaneous Tug acce lera t ion  
due t o  t h r u s t i n g  (m/s*) 
TGO Time- to-go (seconds ) 
C H I P  
X~ 
- P i t c h  burn angle (degrees) 
CHIDP - P i t c h  burn angle r a t e  (degrees; 
P seconds) 
C H I Y  x - Yaw burn angle (degrees) 
Y 
CHIDY - Yaw burn angle r a t e  (degrees1 
'1 Xy seconds) 
CHIPC One stage computatfon o f  x (degrees) 
P 
CHIYC One stage computation o f  x (degrees) 
Y 
P Semi-latus rectum o f  instantaneous 
o r b i t  (meters) 
DDY Instantaneous 
i n  the  Y coord inate m/s 






Instantaneous e c c e n t r i c i t y  o f  the  
present o r b i t  (dimensionless) 
Argument o f  t h e  perigee (degrees) 
True anomaly (degrees) 
O r b i t a l  semi -major a x i s  (meters) 
O r b i t a l  Period (seconds) 
Perigee o f  instantaneous o r b i t  
(meters) ( low p o i n t )  
Apogee o f  instantaneous o r b i t  (h igh  
p o i n t )  (meters) 
Ve loc i t y  a t  perigee (meter lsec) 
O r b i t  per igee (nau t i ca l  mi 1 es) 
1 n.m. = 6080.27 ft. 
O r b i t  apogee (nau t i ca l  m i l es )  
Ve loc i t y  a t  apogee (meterlsec) 
APPENDIX C 
SPACE TUG NAVIGATION 
SPECIFICATIONS 
The s t a t e  vector  e r ro rs  a l lowable i n  t he  i n i t i a l  s t a t e  vec tor  p r i o r  
t o  a  burn, measured i n  a  l o c a l  v e r t i c a l  coord inate system are: 
X - p o s i t i o n  1.0 Km 
Y - p o s i t i o n  0.1 Km 
Z - p o s i t i o n  1.0 Km 
X - v e l o c i t y  2.0 m/sec 
Y - v e l o c i t y  0.5 m/sec 
Z - v e l o c i t y  2.0 m/sec 
The e r r o r s  i n  t he  platform a t t i t u d e  angles should i n i t i a l l y  be 





The nav iga t ion  system p o s i t i o n  and v e l o c i t y  e r r o r s  dur ing  powered 
f l i g h t  should be maintained l ess  than: 
(exc luding i n i t i a l i z a t i o n  e r r o r s )  
P o s i t i o n  (a1 1  axes) 2  Km 
Ve loc i t y  ( d l  axes) 5  in/sec 






SYMBOLS AND DEFINITIONS OF COMPUTER VARIABLES IN THE GSP LISTING 
On the fo l l ow ing  pages are a  l i s t i n g  o f  the  computer va r iab le  names 
used i n  GSP and the corresponding va r iab le  names impl ied  i n  the  IGM 
guidance law. I t  i s  included t o  help i n  the  understanding and use of 






































































































































































































































































































































































































































































































































































































































































































































































































































































































































DDCZZD aDCZ/ a2 
POLO P ( k / k )  
P l  L l  P ( k + l  / k+ l  ) 
Y BT P l  LO P ( k + l / k )  
ZBT XHOLO i ( k / k )  
DNMl LUMPED PARAMETER XHl LO i ( (k+ l /k )  
4 
DNM2 LUMPED PARAMETER XHl L l  i ( (k+ l /k+ l )  w m 
YEA LUMPED PARAMETER QK Q(MAT?IX) 
Y EB LUMPED PARAMETER H K l  H ( MEASgREMENT MATRIX) 
Y EC LUMPED PARAMETER RK1 R(MATRTX) 
YED LUMPED PARAMETER KK1 K(KALF4N GAIN MATRIX) 
. 
Y EE LUMPED PARAMETER ZLHXH Z 
YEF LUMPED PARAMETER P H I 1  LO 
AZ AZ FT(PH1T) 41 
P H I L  4~ X X 
SYMBOL DEFIN IT IONS SYMBOL 
PHIX  
PHIY  
P H I Z  
LUMPED PARAMETER 
DEFIN IT IONS 
DEM LUMPED PARAMETER YD(DX(2) i 
CSCPHI CSC(.#I ZDCDX(3)) z .. . 
CALPHZ COS ( a2 K( FK) K(MATR1X) 
CBETZ C O S ( B ~ )  CH I P C  
P 
ZK1 NOISY OBSERVATIONS CHIYC 
Y 
ZK2 4 PERFECT OBSERVATIONS ENGACC ENGINE ACCELERATION rn 
W 
WT * XDDG(PARTL) XGRV( 1 ) (GRAV) 
THRUST * Y DDG ( PARTL ) XGRV(2) (GRAV) 
* ZDDG(PARTL) XGRV(3) (GRAV) 
ADDENDUM 
SPACE TUG REPORT 
CDNTRACT N~s8-29852 
PARTIAL DERIVA>TlVE 5 
FOR THE- 
@"WEDING PAGE BLANK NOT 
This Addendum is  t o  supplement t h e  repor t  on t h e  Space Tug under 
NASA contrac t  #NAS8-29852. The purpose is  no t  t o  present  a complete 
der ivat ion of the  Generalized Simulation Package, (GSP), but t o  give 
ins igh t  t o  t h e  approach i n  which the  one-step propogation method was 
u t i l i z e d  i n  the IGB! package t o  est imate the  desiged burn angles f o r  t h e  
guidance routine.  
A complete l i s t i n g  of a l l  p a r t i a l  derivatives and 3:~mpcd parameters 
used i n  the  p a r t i a l  derivative rout ines  of t h e  GSP program a r e  given. 
These equations a r e  l i s t e d  i n  t h e i r  order of computation and should 
serve a s  a reference f o r  t r a n s l a t i o n  of the  program var iab le  names t o  
t h e  notat ion of the  IGhl package. 
This ?$,sting goes along with t h e  GSP program l i s t i n g ,  ava i l ab le  on 
2squesL from t h e  Department of  E l e c t r i c a l  Engineering, .Auburn University. 
Together they give an overa l l  p ic tu re  of the  ana ly t i ca l  approach taken 
i n  t h e  Tug navigation study. In addit ion,  a b r i e f  discussion and der ivat ion 
showing a step-by-step process of t h e  p a r t i a l  de r iva t ive  computation f o r  
one of t h e  terms needed i n  t h e  burn angle est imations is given i n  t h e  
Appendix of t h e  Space Tug repor t .  
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